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ON THE REAL ROTATION GROUP 
By J. C. HOWARTH (Manchester) 
[Received 25 February 1956] 


Introduction 
Tuts paper deals with the problem of expressing any real m-dimensional 
rotation matrix (that is, an orthogonal matrix of determinant +1) 
uniquely as a product of }m(m—1) rotation matrices of a special 
type. Although the problem is well known, minor errors have occurred 
in the statement of the theorem on two previous occasions, first by 
A. Hurwitz (1), then by I. Schur (2). 

[ would like here to express my sincere thanks to Dr. W. Ledermann 
for his valuable help and encouragement throughout the preparation of 


this paper. 


Notation 
If é is any angle and j any integer in the range 1 < i < m—1, denote 
by £,(¢) the matrix of the transformation 


x; = 2%, COs +x; 41 sin d, 
—x,sind+2;,,cos¢, 
a, (j #t,i+1). 


J 
Note that £,(¢) is always a rotation matrix and satisfies the relation 


E(d+y) = EP) Ep). 
THEOREM. Let P. (r = 1, 2...., m—1) be a matrix of the type 
e Ey (>, En r+ 1(P,-2,7)-+-Lm—i(Por)s 


whe re 


<8 <r—2), 


= seo —_— Por = 0 
a (0<s <r—l). 
Then 


(L) every real m-dimensional rotation matrix A can be expressed as a 


- 


product A = FF....f, 


m-1? 


(Il) each of the 4m(m—1) angles ¢,, is uniquely determined by the 


matrix A. 


Quart. J. Math. Oxford (2), 7 (1956), 241-3 
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242 J.C. HOWARTH 
Proof. The proof, although rather long, is of an elementary character 
and will not be given in full. The result is easily verified for the case 
m = 2; assume, therefore, that a rotation matrix A, of dimension m 
(> 3), is given and that the theorem is true in the dimension m—1. 
Proof of (1). Suppose that a, (1 < k < m) is the last non-zero element 
} e. k : 
in the first row of the matrix A. Thus A has a first row (say) 


’ 
(4, Ay ; ‘ ay. Oo oO ; zs 0}, 


wherea, + 0. Ifk > 2, it iseasily shown that there is an angle ¢,,,_; (say), 





which is unique in the range —z < ¢,,_, < 0, such that the matrix 
AE,._,(¢,,-;.) has first row of the form 
ig, Ge «. »« Gey 0 0. + G, 
where a;._, + 0. Repeating this process as often as is necessary, we see 
that there exist angles (say) 
Pm k? Pm > | Mi Pm 3° Pm—29 
each uniquely determined in the open interval (—7, 0), which have the 
property that the matrix 
AE, (Pin Eyl bm ne1)+--He(Pm 3) Ey(dm 2) 
2 is to be used for 


has a first row {a 00. . . 0}, say. The notation ¢ 


m 
an angle now defined from ¢;,,_ 2, namely, 
i (Pin—2 fea = 1, 
me \dbe-e— ifa=—1. 
Then —2z < ¢,,_. < 0, but ¢,,_. + —7z. Now put 
A, = AE, _3(}m—~) Ep—2(Pm—K41)---E1(Pm-2)- 
This concerned k > 2. If k = 1, put A, = AE,(¢,,-2 i 





,), where ¢,,» Is 0 
or —z according as a, is +1 or —1. Thus, whatever the value of 4, 
A, has a first row {1 00. . . 0}. On defining 


Piet (2 < i < &), 


Pm-im-1 = \o (k-+1<i<m) (k 2), 
: = | —P_-< (7 — 2), _ 
Dm -ijm-1 \o 3< te mm) (k = 3 


the proof is completed by applying the induction hypothesis to the 
matrix A). 
Proof of (11). Assume that the matrix A has a second representation 
(say) —_ PP > _ 
A= P, P, ale a : eee Q1 Qo... Qm-» 


where, for r = 1, 2,..., m—1, Q, is of the same type as P.. It follows 
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that the three matrices A, P,,_,, Q,,-, have the same first row. If k > 2 


m 


and 


Qn 1 Ey}, 2) E(p,, g)--- Ey i(%o), 
then it can be shown, by computing the first row of Q,,_,, that 


Yn k-1 Pr k-2 wee Po = 0. 


rhus, the effect of postmultiplying A by either E,_,(—,,—~7-1) OF 
E,._,(—w,,_,.) is to introduce a zero in place of the element a,.; therefore, 
from the remarks made during the proof of (I), it follows that 

4 

Pm—km-1 Pm k 


and repetition of this process gives 


4 » § 
Pn m-1 ws, i (2 -~, ae k) 
Similarly, in the case / = 1, the corresponding angles are shown to be 
equal. Hence P,,_, Q,,—1, 80 that 
? > > 
P,P... F,, 2 G1 G2... Om 2° 


and the induction hypothesis now completes the proof. 


REFERENCES 


1. A. Hurwitz, Math. Werke, 2 (Basel, 1933) 551-2. 
2. I. Schur, ‘Neue Anwendungen der Integralrechnung auf Probleme der 
Invariantentheorie’, S.B. PreuBischen Akad. Wiss. (1924) 195. 
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By F. F. BONSALL (Newcastle-on-T yne) 
and G. E. H. REUTER (Manchester) 


[Received 17 March 1956] 


1. Ler V be in an abstract (L)-space: namely, a Banach lattice | (1) 246] 
in which the*elements of the positive cone V+ satisfy 


r--y|| = {|ar]| rihYy iz, ye V+). (1) 


Equivalent assumptions are that V satisfies the axioms I-1X of Kakutani 
(4). It is a well-known and elementary fact that V is a complete lattice 
} with an upper bound in V has a least 


in the sense that each sequence {x,,} 


upper bound sup, (1 <  < oo), and similarly for lower bounds. Also 
the theorem of Beppo Levi holds in V; if {x,,} is an increasing sequence 
of elements of V+ such that {/\x,,||} is bounded, then the sequence is 
bounded above and converges in norm to sup2, (1 <n < 0). Given 
a sequence {z,} of elements of V+ such that {|\2,||} is bounded, we may 


therefore define an element lim inf, by 


n-c 


n 


lim infz, = lim y,, 


nx kx 


where = inf z,. 


kin<« 
A transition operator in V is a bounded linear operator P in V such 
that Px>0 («xe V+), (2) 
and |Pa|| = |la|| (ae Vt). (3) 
Given an operator P, we denote by Q,, the operator 
Q, = (P+ P2+...4-P")/n (n = 1, 2....). 
The main purpose of this note is to prove the following theorem. 


THEOREM 1. Let P be a transition operator in an abstract (L)-space V; 
let ue V+, and let {n,.} be a strictly increasing sequence of positive integers. 


If f = lim inf Q,,.u, 
ko 
then Pf = f. 


Quart. J. Math. Oxford (2), 7 (1956), 244-8. 
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Remarks. (i) We shall prove in § 2 that the theorem holds also for 
contraction operators: namely, bounded linear operators P in V satis- 
fying (2) and 


Px\| < ||x!| (x € V+), (3°) 
in place of (3). 
(ii) We shall prove in § 3a result similar to Theorem 1 for lim sup Q,,, «, 
kx 
under the assumption that this exists. 

(iii) A theorem of Yosida and Kakutani (5) on fixed points of tran- 
sition operators in the space (/) can be deduced from Theorem 1. 
For other concrete results which have something in common with 
Theorem | but appear to require deeper methods of proof, see Calderén 
(2) and Dowker (3). The mean ergodic theorem for abstract (Z)-spaces 
| Kakutani (4)| establishes fixed points provided that the sequence {Q,, u} 
has an upper bound in V. Of course Theorem 1, by itself, does not 
establish the existence of non-zero fixed points. 

(iv) Our proofs do not use the concrete representation of abstract 
(L) spaces. 

Proof. It is obvious that for a transition operator P in V the in- 
0<Pf<f 
imply Pf = f. 


Thus it suffices to prove the following lemma. 


equalities 


Lemma. Let u€ V+, and let P be a bounded linear operator in V satis- 
fying (2) and such that for some constant M, 
Pey|| <M (nxn = 1, 2....). (4) 


If {n,\ is a strictly increasing sequence of positive integers, and 


f= ve inf Q,,, u, 
y—>oD 


then FF <j. 


Proof. Let i,= if Qn, U 
ixk<oa 
so that f = limf;, 
ix 


and, by the continuity of P, 


Pf = lim Pf,. 


i—o 


We have, for all positive integers n and s, 
) — —1/ P2 _| Pn+t 
PQ, u = n-"(P?2+...+.P"t)u 


- Q,u—nPutn Pu < Q,u+n*P"*tu, (5) 
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n+s 


Qi tt (6) 


and PQ, uu <n-(P+ P2+...+P"*)u = — 
n 
With a fixed integer i, let 5, = n;-?, and divide the integers j with j > 7 
into two classes A; and B; detined by 


jeA; if nj/nj_. < 146; andj >12, 





jJEB if »; nj. > 1+8,or j =i. 


t 


Since f; < Q,,,u (j > 2), we have 


Pf, <= PQ,,u (j >1). (7) 
If } ¢ A;, then, by (6) and (7), 
Pf, PQ), US (nj/Nj-)Qn,u < (14 8;)Q,,, U. (8) 
If j ¢ B;, then, by (5) and (7), 
Pf; < PQnu < Qyut (1/nj) Pu. (9) 
Denoting the subsequence of integers x; with j © B; by (impo, m,...), We 
have m, = n;, say, and 


m; > (1+8,)n;_, > (1+8,)my,_, (& > 1). 


i a l l l 1+0,; 
Thus bs < Hy — —— = x, iy 
a Nn; n;\ 1+6,  (1+6,)? } n; 9; 
This implies that > |iaz? Putte 
je BR; 


converges, and therefore there exists an element v,; ¢ V defined by 


y= D> a * Pte, 
jeB 
Also v;\| < (1+8,)M/(n,8;) < 2Mn;?. (10) 
By (9), Pf, < Q,uty, (j€ B)), 


and, combining this with (8), we have 
Pf, < (14+6)Q,,u+v,; (9 > 2). 
Writing this inequality in the form 


(1+8,)(Pf,—v;) <Q@,4 GU S?, 


i 


we see that (1+8,)-"(Pf;—2v;) < fi. 
and therefore Pf, < (A+n7*)f;+2;. (11) 
Letting i > © in (11) and using (10), we have 

PR<f. 


2. We now prove the assertion in Remark (i) above. Let e be the 
functional defined on V by 


(e,2) = |lat||—|la-|| (we V), 
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where x = 2* —2~ is the decomposition of x into its positive and negative 
parts. The functional e is linear. To see this [ef. (1) 256], note that 

(ety) —(et+y)- = et+y = zt—2-+y*t-y- 


Rearranging and applying (1), we find that 


(e+ y)*||+ |la-||+ |ly (a+ y)—||+ |la*||+- |ly* 
and therefore (e, x+y) (e, x) +(e, y). 
Let V’ denote the space V+-R of ail ordered pairs x’ = [x,&] with 
« € Vand € € R, normed by taking |x’)| = |\x\|+ |€|, and partially ordered 
by taking V’ ’++R*. The space V’ is also an (L)-space. 


Given a contraction operator P in V’, we define an operator P’ in V’ 
by taking ror . 
. a P's | Px, €+-(e,2-- Px)]. 


It is easily verified that P’ is a transition operator. 
Let we V*, and let {n,} be a strictly increasing sequence of integers. 


We write u’ = [u,0] and Q!, = n-"(P’+...4+-P’"). Then 
Q,x’ = (Q,27,E+(e,a—Q,x)] (xe V), 
and therefore i lim inf Q,, oe = [ f.d], * 
k-—>x 
where f = lim inf Q,, u and ¢ lim inf (e, u Q,,U)- 


By Theorem 1, we have P’f’ = f’, ie. 
| Pf, d+(e.f—Pf)| = [f.¢]. 
Therefore Pf = f, and the proof is complete. 
3. If {x,,} is a sequence of elements of + which has an upper bound, 
then limsup2,, exists, defined by 
limsup.x, = lim y;,, 
n->x k= 
where ¥;, sup x,. The boundedness of the sequence {| x, } does not 
k 


suffice to establish the existence of lim sup, Thus, in general, we are 
nx 
not able to assert the existence of limsup Q,,, vu: but, if it does exist, it 
ko 
is easily proved to be a fixed point of P. 
THEOREM 2. Let P be a contraction operator in an abstract (L)-space V, 
let ue V+, and let {n,} be a strictly increasing sequence of positive integers. 


If {Qu} has an upper bound in V, then 


Ue ny 


f = limsup Q,,, u 
kx 


exists and Pf }. 
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Proof. Let f; = sup Q,,u. Then 
Re 


t 


limsup Q,,u = limf; = f (say) 
ko (>a 


and Pf = lim Pf;. Since f; > Q,,u (kK > 2), we have 


Pf, >PQ,,u (k >2). (12) 
Also PQ, u = VY, u—n" Put+n' P*u > YQ, u—n" Pu, 


so that 
PQn, U > Qn, u—nz Pu > Q,,u—nz* Pu (k >i). 


Combining this with (12) we have 


Pf, >Q,,u—njz Pu (k >2), 


nk 
and therefore Pf, > f;—nz" Pu. 
Letting i > 00, we obtain Pf > f; and, since | Pf) < || f||, this completes 


the proof. 
REFERENCES 
1, G. Birkhoff, Lattice Theory (American Math. Soc. Coll. Pub. 25, New York, 
1948). 
2. A. P. Calderén, ‘Sur les mesures invariantes’, C. R. Acad. Sci. Paris, 240 (1955), 
1960-2. 
3. Y. N. Dowker, ‘Sur les applications mesurables’, ibid. 242 (1956), 329-31. 
4. 8. Kakutani, ‘Concrete representations of abstract (Z)-spaces and the mean 
ergodic theorem’, Annals of Math. 42 (1941), 523-37. 
. K. Yosida and 8S. Kakutani, ‘Markoff process with an enumerable infinite 
number of possible states’, Japanese J. Math. 16 (1939), 47-55. 
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THE GROUPS 2,(Vim) (1) 
By G. F. PAECHTER (Ozford) 
[Received 23 March 1956] 


Introduction 


THE points of a Stiefel manifold V,,,, are ordered sets of m mutually 
orthogonal unit vectors in euclidean n-space R". V,,,, is topologized as 
a subset of R 

In this sequence of papers I calculate the homotopy groups 7,..,(Vi-smn) 
for all kw hen 0 < p < 5 (except for an ambiguity in the cases p = 5, 
hk = 6,m , for k = 1 and 2 when p = 6, and for k = 1 when p = 7. 
These re ais are collected in the following tables, wherein z,,, denotes 
Trip(Viecmm)» Z, & eyelie group of order g, and + direct summation. 
Also s > 0.+ As each group is calculated in the text, I have specified 
generators in terms of elements of the homotopy groups of spheres, 
whose structure is assumed to be well known in the relevant cases. 


ABLES FOR 7}, 


(a): p 0 
] 2 4s—1 4s+1 4s 4s+2 
? l Z Z Z. Z. Z. Z 
2 Z, Z Ss. Z, Z £. 
(b): l 
l 0 Da Z, Z. Z; Z, 
m=2 ee a&ek «& & £.+h & +4, 
” 3 0 Z. 0 Z; Z,+Z, Z, 
(c):p = 2 
m=1 0 Z. x , 3  e Z. 
m= 2 Sg 2h «f SZ, +8, 8,+5, 
m=3 £42, 2, ZetZn LZatZn Beth, % 
” 4 Z, 0 Z, Zs Z,4+Z, 0 


+ Not all these results are new. For p = 0 see Stiefel (18); for p = 1 see 
J. H. C. Whitehead (22, 23). Using the erroneous announcement by Pontrjagin 
that 7,(S*) was trivial (14), the following cases had been calculated: p = 2 by 
J. H. C. Whitehead, m = 2 and 0< ‘2 < 2 by Eckmann (6), and k = 1 and 


0 <p <4 by Eckmann (7), and G. W. Whitehead (19), independently. The 
groups for k 1 are well known for p 0 4, e.g. (17), and for 5 < p <7 have 


been obtained independently by Borel and Serre (5, 16). 


Quart. J. Math. Oxford (2), 7 (1956), 249-68. 





6 


48+3 
8s+ ] 
8s+5 
4(s+1) 
8s+6 
8s+2 


Z, 
Z 


2 


B,4+Z_ BetZe4 


Z, 


0 
0 
0 
0 
0 
0 
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(d):p=3 


= 2 m= 3 
2; 2,+2Z,; 
2Z,+Z, 2; 
Z; 2, 2; 2; 
ZotZytZ, Zot2y.,t+Zy ZetZyatZy+Ze 2Z+2Z,+Ze 
Z,+2Z, 2,+2Z, Z2,+2Z, 
Z2,+2, 2,+2Z, 2,+2Z, 
2,+2Z, 2,+2,+2, 2,+2Z, 
Zy+Z, Zu t+Zy Zyu+Z,+Z, 
Zu+Z, Zy+Z, Zy+2,+Z, 
Zy+Z, Zi2.+2Z, Z+Z, 


SN+NNe 
~ a 


ir 
= 


NNNSNNN 


ir 
- 


(ec): p=4 
m= 3 


m=4 


(f):p=5 
m= 3 m=4 m = § 
Z12t+Zie 0 0 0 
Z Z. 2.2+Z, Za 
22+ Z224+Z, 2242.7 2.:4+2,+2, 2,4+2Z, 
+Z,+2Z, 
2,4+-Z2,+ 
+Z,+2Z, 


Z; Z,+Z 

Z+Z_+ 

+Z, +£,+2, 
0 Z x4 


Z,+2.+2,+ 
+Z,+Z, 


“2 


Z2+Z,+ 8 2,4+2,+ 
+Z,+Z, +Z, 
2; 0 
Zot Z,t+Z, 2Z.+Z, 
or or 


5.48.48 &:+4, 


2 
Z,+Z, 
or 
Z,+Z, 
0 ZetZ, 24+2,+Z, 
0 “2 Z, Z; 
0 Z, Zz, Z, 
0 2,+2Z, Z Z. 
0 Z; Z Z,+Z, 
Z, Z £,4+£. 


Z, +m [es 3 


(g):p=6 


m=4 m 5 
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(h): p= Tandk=1 
m=xilm=2 m=3 m=4m=5 m=6 m=7 m=8 m>9 
0 2; 2,+2Z, 0 Zu 2:+Z, 2.:+2,+2, 2,42, Z, 


Whenever possible in the calculations I have used the fact that 
»+1m-+1 fibres over the n-sphere S" with fibre V,, ,, and that this fibring 
admits an element of section which can be exhibited in a particularly 
simple form (a generalization of those of Eckmann in (6) 15d and 
(7) 15a). Thus the calculations of 7,(V,,,,,) proceed by induction on m 
for fixed k = n—m andr, using the exact homotopy sequence for a fibre 
space. These calculations take place in §§ 4, 5 of this paper and in the 
subsequent papers—the earlier sections, and the appendixes to all the 
papers, being devoted to the assembly of the necessary machinery. 

In conclusion I would like to take this opportunity of expressing my 
gratitude to Prof. J. H. C. Whitehead for his guidance and encourage- 
ment. I am also deeply indebted to Dr. M. G. Barratt, for his many 
suggestions in general, and in particular for his collaboration in obtaining 
the important result in 5.2 c. 


J 


1. Various theorems in fibre-space theory 

The triple (X, p, B) is to be a fibre-space X, in the sense of Serre (15), 
over the base-space B, with fibre-mapping p: X > onto B. For be B, 
p-(b) is called the fibre standing over b. If b, is the base point in B, 


, — " P , 
and A = p~(b,), then we write the fibring as X/A ——> B. We thus have 
the well-known exact homotopy sequences (base points omitted) 


tre ia ire - bre 
—" 7,(A) — a,(X) aoe 7(X, A) — 7, -(A) _ 


| Pre 
Y 
z,(B) 
tre sy, Pre Ave 
and —> 7,(A) —> 2,(X) ——> 2,(B) ——> 2,_,(A) —, 


where i,, and j,, are the natural injection homomorphisms, 5,, the boun- 
dary homomorphism, p;, the isomorphism induced by p, p,4 = Prajrs: 
and A... = 5,¢P,<': 


We say that the fibring X/A *. B admits a cross-section p if there is 
a map p: B+ X such that pp: B= B is the identity map. Then p 
induces natural homomorphisms p,,: 7,(B)—>7,(X) with p,,p,, the 
identity isomorphism. Since the homotopy groups are abelian for r > 1, 
we have, by the exactness of the second sequence, 











oe 
: 








252 G. F. PAECHTER 

THEOREM 1.1. A necessary condition for X/A — B to admit a cross- 
section is that (a) i,2(0) = 0 for r > 0, (b) 2,(X) = t,47,(A)+P,» 7,(B) 
forr>1. 

Now let B be a sphere S". Then we have 

THEOREM 1.2. A necessary and sufficient condition that X/A — S" admit 
a cross-section is that i= 1,,(0) = 0. 

For a proof see (6), Theorem 11. 

An element of section (Schnittelement) is a map t’: (E", BE") + (X, A) 
such that 7' = pt’: (E", E") > (S",s), where s = p(A), is topological 
on E"—E", Let the orientation be such that 7 is of degree 1. Let 
t: S"-!+ A be the map defined by ¢’ | E”. Then, for each r, t induces 
a homomorphism t,: 7,_,(S"-!) > 2,_,(A). Then we have 

THEOREM 1.3. t,7,_,(S"-1) = i7-44(0) when r << 2n—1 (r = 2n—1L if 
n is odd). 

The proof of this theorem follows from the fact that 

Ez,_,(S"-!) = 7,(S") when r < 2n—1 
(r = 2n—1 if nm is odd), where € denotes the Freudenthal suspension 
homomorphism (9), and the following theorem: 

THEOREM 1.4. t, = A,, €: 7,_,(S"-") > 2,_,(A). 

For the proof of this theorem see (6) 172 et seq. In consequence of 
1.3 we have 

CoroLuary 1.5. If r = n, then {t} generates i= 1,,(0).¢ 
2. Application to the Stiefel manifolds YJ, ,, 


ba y 


nym 


2.1. General properties of V,,,. The points z of V,,,, are ordered sets 
of m mutually orthogonal unit vectors (2), 29,...,2z,,) in R” (Euclidean 
n-space). Thus V,,, = S"-', the unit sphere in R". We topologize V,, ,,, 
as a subset of R™”. In (6) Eckmann showed that V,,,, is a fibre-space 
over V,,,, with fibre homeomorphic to V,_;,,-,;, and fibre mapping 
Pak: Fase — Vik given by Prk (21 225+++» 2m) _ (21, Zg5-++5 2) 

Let a point z of V,,,,, be represented by the matrix ||»; ;|, having as its 


ijll> 
rows the ordered unit vectors of z. As base point in V,, we take the 
point vy = |v, ;||, where v;,; = —8;,-;,,;. We define the identical map 


bn—k,k* Visilipels — Fast as 


tn—Kk(|(M45ll) = (lluz sll) (legyll € Vgntign-ks lv sll € am | 


—8 i n-j41 (t < k), 
5 = | Mi-ns ((>k;j < m—k), 
0 (« >k;j > m—k). 


t+ {k} denotes the homotopy class of a map k. 














THE GROUPS 2,(Vy.m) 253 


Then we see that 7,,_;..(V,-x.m-x) is the fibre standing over the base point 
v, of V,,. Further, for s < k, t,_,, induces the fibre-preserving map 


Un-s,3° (V,, —8,m—8? Pn-s,k-s> oe — a Pre Vin)s 

the induced maps being #,,_,, on the base space V,,_,,_,, and the identity 
in»-zo On the fibre V,,_;.,-,- Similarly, for k < 8, p,,, induces the fibre- 
preserving map 


—8,8 


Pus’ | Pnyke Vi x) —> a Pn Vi ke)s 
the induced maps being p,,, on the base space V,,, and p, _,,-; on the 
fibre V;,_x.~-,- It follows that the homomorphisms of homotopy groups 
induced by the injections i,, and the projections p, , commute with 
each other and with the homotopy boundary homomorphism whenever 
the composition makes sense. 


2.2. Construction of an element of section for V,, .1m+1/Vnm > S". Let E™ 
be given by the equations 


n 
a= 1, x 
i=0 
in R"+1, S-1 — E being its intersection with x, = 0. Then we define 
, » 4 a 
bn+1,m+1: (Z", E*) _ (Vasaen+a» Van) 
, 
by bn +-1,m+1(%o2 Zys-0+) Zp) = Way 


in Visimsry Where 


= 90 


n = > 


V5 = 2p iTa—Sraniga (t= 1,...,.m+1;j = 1,....u+1). 


It is easily seen that f, ,  »+ has all the properties required of an element 


ect} r : -1 d ; iv r 
of section, and we observe that t,, .3,4:: S"-! > V,,,», is given by 


bn samsi(Lo» Lys-++9Lp—1) = Uy 


in V, where 


n,m? 


es = 22 


ij n-i%j-1—9n-4j-1 (¢ = L200, 8859 = a 


2.3. Properties of tnism+i- 

(2) tysamsa iS @ Symmetric map; i.e. tr = tz*, where x and 2* are 
diametrically opposite points of S"-; 

(b) (i) Paxénsrmir = bnores: ot Vike 


Thus (ji) Paytnsrpss = baer: S*-* > S*-, 


which is of degree 2 if n is even, and of zero degree if n is odd. Geometri- 
cally this is the map which assigns to every point s of S"-" the reflection 
of (0,0,...,—1) in the n—1 flat through the centre of S"-! which is 
orthogonal to the line joining s to the centre. It maps the S"~* given 
by x,_, = 0 onto the point (0,...,0,—1). 











gtk 
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Note also that 


seey in —F 
(11) bn +tm+1 lie 


—_ - Qn-t : y 
— bn-i+li-1 b-4+2,m-4+2° S > §0—441,6-1(%n—t410-641)> 


where S"-' is the intersection of S"-! with 
Tn-1 — Tn-2 ea Unit = 0. 
(c) If u,: S" > Pr is the identification map which identifies x and x* 


in S*, P’ being the real r-dimensional projective space, then 
{ 
—1_. Pn-1 n—1 
Pra bn+tm+1 Un—1: >s" 


is single-valued and so continuous (24), and of degree 1 (mod 2) and 
therefore essential. Further, it maps the P"-* given by z,_, = 0 onto 
the point s = (0,...,0,—1), and is topological on (P"-!— P"-*). We 
choose the orientation of the latter such that this map, when restricted 
to (P"-!— P"-*), is of degree 1. 

Lemma 2.3 (d). The image of S"—* under ty 44.41 1% Vim is the homeo- 
morphic image of a P%—}, where k = n—m,t and P%~} is the projective 
space P"-! with a subspace P*- shrunk to a point. 


Proof. Let 
Pnttm+1 — tn+tm+1 us): _ Sy _ 
Then we see that ¢,,.;,,;,; maps the P*-! which is the intersection of 
P*-withz,_, = 2). = ... = x = OVontoa point, while it is one-to-one 


on P"-1— Pk-1, Tf w,,: P’ > Pj is the identification map which shrinks 
the subspace P* to a point p (P% being given the identification topology), 


-_ Ynstmet = Pn+imstUn—1m—1: PEAT > Vim 
is single-valued and so continuous, and one-to-one. But it is a map of a 
compact space into a Hausdorff space: that is, it is a homeomorphism 
‘into’. Note that 
tnitmit = Yn+im+1 Mn-1,k-1 Un: S®* > Vian 

so that ¢ and % do map onto the same space. Hereafter I shall refer to 
this image as ‘the P?—{ imbedded in V,,,,’. We also see that § 2.3 (5) (iii) 
implies a similar relation for ¥,, 1 m1 | PRz. 

Further note that, if Z” is the hemisphere of S” given by z,, > 0, then 


tn+2,m+2 En = t+1,m+1: (£", EB") - (Vn +1m+1 Vas): 


Since restricting t,,,.,.2 to E" has no effect on ¢,,,2m4+2, we see that the 
image of t), . 1. m+1 is the Pg_, imbedded in V,,,,,,;- Let us consider P” 
+ This was proved originally explicitly in (22) 250. 

















THE GROUPS 7,(V, ») 255 


and P?_, as CW complexes. (I shall drop subscripts of maps whenever 
ambiguity cannot arise.) Then we have from 2.3 (c) that 
Pr+tiPn+2m+2 = Pnsaln+ems2 Un |: (P", P®-1) > (S8", 8) 
is topological and of degree one when restricted to (P"— P"-"). Since 
the same is true of 
Wy pa: (P", PE) > (PR_1,p), 

we have that pb = phw-": (Pt_,, Pz=}) > (S", 8) 
is topological and of degree one when restricted to P?_,— Pzr=}. 

But pie t! = pairatgamsi: (2", B*) > (S*, 8), 
which is topological and of degree one when restricted to (E”— E"). Thus 

g =o’: (EB, B") > (PR_y, PRR} 
is a characteristic map for the n-cell of P?_,. Let 
Bia: 7,(E", EB") > m,4(S"-2) 
be the boundary homomorphism. Then P. J. Hilton showed [(10), proof 
of Theorem 1.1] that 
(Db)p4 Gra Spe) = E: 7,_,(S"-) > 7,(8"), 

i.e. Prats Ire ore) = E. 
But (i) p,, and 8)z1 are always isomorphisms ‘onto’, 

(ii) g,, is ‘onto’ if 1<r<n+k—1l, by (25) Theorem 1, since 
m,(Pr-}) = 0 for r < k. 

Hence we have the following lemmas: 

LemMa 2.3 (e). If 2,(S") = Ez,_,(S"-), then 

Ynsom+ax: %(PE-1, PEI) > 7(Vnst,msi> Yam) 

is ‘onto’. 

Lemma 2.3(f). If 1 <r<n+k—1, and €: 2,_,(S"—) = 2,(S"), then 

Ynsomiex: (Ppa, PRI) & 7a sr yn» Vam)- 

By use of induction on m and pod ‘five’ lemma these lemmas lead to 

a proof of 


THEOREM 2.3 (g). If r << 2k (k = n—m > 0), 


then Pniimiie® m,(PROi ~ 77(V,, gn) 
and Yinsim+ie: t.(PE-}) — Tox(Vi mn) 
is ‘onto’. 


I omit this proof. A different proof can be found in (22), Theorem 3. 








~~? 
+ 
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3.1. Notation and properties of homotopy groups. The following con- 
ventions will be used throughout. 

mE, denotes the group 7,,..(Vi..mm), € the suspension functor. If 
f: (E", EB’, e9) > (X,A,a9), where A may equal ay, then {f} denotes the 
homotopy class of f in 7,(X,A,a,). Asa rule base points will be omitted. 
(a,b) in 7,,,-,(X) denotes the Whitehead product of a in 7,(X) and 
b in 7,(X) (21). It will sometimes be used also with a and b as maps 
instead of classes. A similar notation will be used for generalized 
Whitehead products. 

If z,(S8") is a cyclic group, then h,, ,: S’ > S" will be such that {h,, ,} 
generates 7,(S"); h,, will be of degree one, h,, of Hopf invariant one, 
and {h,} will be the Blakers—Massey element. Also j will denote the 
Hopf fibre map : S’ > S*, of invariant one. Thus, for instance, we 
write generators of 7,(S*), = Z,,+Z,, as {ph,,} and €fh,,}. It will be 
assumed that the reader is familiar with the properties of z,,,.,(S") for 
k < 5: that is, with their structure, their behaviour under €, and the 
values of compositions fh, ,h, ,} and Whitehead products. 

Let fh} € Ex,_,(S"-); {h’} = 35 {h}, where 


5,: ,,,( "+, En+1) = m,(S"). 
Then, if A is arewise connected, we have 


Lemma 3.1 (a). fh} and {h’} induce homomorphisms h*: 7, (A) — 7,(A) 
and h’*: z,,.,(X,A) > 7,,,(X, A); 

(b) these homomorphisms commute with €, a fibre mapping, a cross- 
section, and the homomorphisms of the exact homotopy sequences of § 1. 

The proof is straightforward and therefore omitted. When an h* 
appears in the sequel, it will always be a homomorphism, and this in 
virtue of the above lemma unless otherwise stated. Note also that 


h*{k} = {kh} = k,{h}. 
3.2. A theorem on suspension. Let X be a CW complex, X” its 


p-section. Let X be (k—1)-connected, where k > 1. Then we have the 
following theorems: 


THEOREM 3.2 (A). 
(a) ©: 7,_,(X) > a(EX) 


is an isomorphism for r < 2k. 
(b) When r = 2k, € is ‘onto’ and €-1(0) is generated by the products 
[a,B], where « and B are any elements in 7,(X). 
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THEOREM 3.2 (B). 
€: w,_,(X?+1, XP) > 7,(EXP+!, EX?) 
is an isomorphism when 2 <r < p+k+1, and ‘onto’ whenr = p+k+1. 


Proof of Theorem 3.2 (A). Let X, and X, be two cones on X inter- 
secting in X, so that X, UX, = EX, and X,N X, = X. Then consider 
the diagram 


- 2? > > 3. > 7 ig > is — > 
> ,4,(EX; X,, X,) —*> 2,(X,, X) —*> 2,(EX, X,) 2*> 2, (EX; X,, X,)> 
A 


- < 


us ;* 
v 


= 
m,—4(X ) er 7(€X). 


By Theorem | of (13) the sequence is exact. Since X, and X, are con- 
tractible, 5,, and i, are isomorphisms. Also, by an argument similar 
to that on p. 375 of (13), the diagram is commutative. Hence i, and € 
are equivalent. Since (X,,X) and (X,, X) are both k-connected, 


a({(€EX;X,,X,)= 0 forr < %& 


by Theorem | of (3) (II). This proves (a) and the first part of (5). 

Now by Theorem 1 of (3) (IIT), 7,.,(€X;X,, X,) is generated by the 
products [«’, 8’] for any elements a’ € 7,,,(X,, X) and pf’ € 7,.,(X,, X). 
Further, if 54: 7,(X,,X) = 7,_,(X), then 


5,[2’,B’] = —[3g40’,8'], by 4.3 of (4), 
and 81415040’, 8’] = (—1)*[Se¢0’,3,48'], by 3.5 of (4). 


Putting « = 6,,0’ and 8 = 3,, 8’, we obtain the last part of (5). 

Proof of Theorem 3.2 (B). This is omitted. It follows directly from 
the special case of (A) when X is a bunch of p-spheres having a single 
common point, and Theorem 1 of (25). 

Now let Y£** be the space consisting of an S* to which one k+1 cell 
has been attached by a map ¢ such that ¢| E*+! + S* is of degree 2. 
Let Bk*? be the space consisting of Y§*+1 to which one k+-2 cell has been 
attached by a map ¢ such that ¢ | E*+2 ~ S* c Y§*" and is essential on 
S*. Then Theorem 3.2 (A) yields 


CoroLiary 3.2 (C). (a) ©: ayig(¥E**) & my43(¥§*?) (k > 3); 
(b) €: 7. +9( Bt?) = Tp+3( BE**) (k > 3). 


(When k = 3, all products in z,(¥$) and z,(B3) must be injections of 


products in z,(S*), which are all zero.) 
3695.2.7 s 
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3.3. An algebraic theorem 

Definition. A subgroup U c G is partially division-closed if and only if 
for every g € G such that mg € U, there is a we U such that mu = mg. 








THEOREM 3.3 (A). Let G be a finitely generated abelian group, U a sub- 
group. Then a necessary and sufficient condition for U to be a direct 
summand of G is that U be partially division-closed. 

Proof. (a) Let G = U+V and let mg ec U, where 

g=u+t+v (ue U,veV). 

Then mv = mg—mue U, whence mv = 0. Thus mg = mu, and U 
is partially division-closed. 

(b) Let U be partially division-closed, V = G—U, and f: G + V the 
natural homomorphism. Since G is a finitely generated abelian group, 
so is V. Therefore V = V,+...+-V,, where each JV; is cyclic. Let v;, of 
order m;, be a generator of V; and let g;¢f-1v;. Then m;,g,;¢ U since 
m,v; = 0. Therefore m;g; = m,;u; for some u;e U. Let g; = g;—u,. 
Then fg; = v; and m,;g; = 0. Therefore a homomorphism h: V > G, 
such that fh = 1, is defined by hv; = g; for each i = 1 to n. Hence, 
since G is abelian, G = U-+AV, and the theorem is proved. 

Let G be a finitely generated abelian group, U c G@ finite, and, for 
every prime p, let N(G,p) be the maximal order of elements in the 
p-component of G. 

Lemna 3.3 (B). Jf U = U,+...+-U,, where U; is cyclic of order 

N(G,p;) > 1, 
for some prime p;, then U is partially division-closed in G. 
Proof.+ If 
G = @'+@", U = U'+0", U'c @, oe ce, 
and if U’ and U” are partially division-closed in G’ and @’, then so 
obviously is U in G. Therefore we may consider the p-components of 
G separately. Let X be the p-component of G for some prime p, V that 
of U, and suppose that N(G,p) = p'. Suppose that V = V,+...+V, 
where JV; is cyclic of order p’, and let v; be a generator of V;. Suppose 
that g € X is such that 
mg = k,v,+...+k,»,, 

where m = hp’, h being prime to p and s < t. Then there exists an h’ 
such that hh’ = 1 (mod p'). Also p'-*mg = 0, whence every k; = 1; p’. 


Thus mg = pu = p*hh'u = m(h'u), 


+ I am indebted to the referee for this simplified version of the original proof. 
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where u = 1, v,+...+l,v,.. By the above observation, this proves the 
lemma. 

CoRoLLARY 3.3 (C). Under the conditions of Lemma 3.3 (B), U isa 
direct summand of G. 





4. Calculation of 7f,,,: preliminaries 
The calculations are based on the examination of the exact sequences 
associated with the fibrings 


Tk — 
Vie+m+1, m+1 _ — Sk ™, 


When these are insufficient, we turn in the first place to those associated 
with the fibrings 


Vie-+-m+tm+1/S* — Viesm-+1sn° 
Constant use will be made of Theorem 1.3; because of this frequency 
it will not be referred to every time it is applied. 

I first prove two theorems: 

THEOREM 4.1. (a) 7Em = 7hy42 form > p+2. 


TE m = 90 for p < Oandall k and m. 
Proof. (a) Consider the sequence associated with the fibring 
Vie-+mn+1,m+1/ Vie-+an,m sind oe when : = k+p; 


, As ‘ Ps 
1.€. = Traps due. — Tf m ~*. Thm +1 arn The 4-p( S**™) “hs 


Hence, since 2,(S**")=0 when r<k+m, a£mii = 7h, when 
p < m—2; and (a) follows. 
(b) By (a), 7Rm © 7k, if p < 0, ie. = m,,,(S*) = 0 since p < 0. 
THEOREM 4.2. (a) 73, = wm? (p > 1). 
(b) Thm = TE+1m-—1 (k > 7). 
Proof. (a) Consider the sequence associated with the fibring 


y ion y 
a S* > em 


. Poim, m* 
"1 +1 
1.€. > Taq(S*) > ah. ——_ Them > Tp (S") > 
Hence, since z,(S') = 0 for r > 1, (a) follows. 
(b) Consider the sequence associated with the fibring 
4 [Gk 5 V, . pay ve 
V psmsnl S* > Vermm-1» When r = k-+-5, 


. Pkim.m— =. 
1.€. Tk 5(S*) Sei m7 oie area tin —> Wey 1,m—-1 7 Tr+ a(S*) > 


But 7;,,;(S*) = 0 = a,44(S*) when k > 7; whence (b) follows. 








v 
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5. Calculation of zf, 
We consider the fibring V;,,,./S* + S**!, and examine the sequence 





A i . +p 
(A) > Terpsri(S**) Ba Tesp(S*) aa oe Px OS tes y(S*t2) ie 
5.1. k = 0(mod 2). In this case there is a one-field on S**+" [see (8), (19)] 
and so the fibring admits a cross-section p. Hence Theorem 1.1 gives 
72 = fg The ep(S*)+ Py Me+p_(S***). 
The values of 7f, for even k are then as shown in the tables. 
Note that, by Theorem 1.2 and Corollary 1.5, we have 


{t..20} = 0 fork = 0 (mod 2). 
5.2. k = 1 (mod 2) and k > 3. We have from 2.3 (5) that 


teioe: S* —> S* 





is of degree 2. Hence {t,,..} = 2{h,,}. Then 
(a) When p = 0, (A) gives 


Pk+is Ok As ey tke “a 
Te44(S***) —> 2, (S*) ——> af, > 77,(S**1) > 


i.e. +>Z,>Z, >.> 9, 

where ij,'(0) is generated by {t,,,..}: that is, by {2h,,}. 
Hence me = Z,, generated by fi, .1 1 hy.x}- 

Note that Az 7(0) = 0, and hence that p,.,, is trivial. 
(6) When p = 1, (A) gives 





Pk+2* ‘he As ey ‘k+1® 4 Phate ~ 
Te +2(S**1) —> my44(S*) 7,2 7 44(S**?) 
i.e. +> Z,> Z,>72>0 


since p, 41» is trivial by (a). Also 
te tie(0) = thsee%7K+1(S*), 
which is generated by 
Rix r{te+22} as Wi +1 {hy x3} sia 2h e+ sthe,x) on 2fhy sak = 0. 
Hence i;},4(0) = 0, and zi, = Z,, generated by {i,.1) hy x+1}- 
Note that thus A, is trivial, and hence p,,,, is ‘onto’. 
(c) When p = 2, (A) gives 


Prise 2 Prise 


As Y tkies 
T4g(S*+1) —> my 9(S*) ——> mfg ———> 7 49(S**), 
i.e. + Z,> Z,>7},—> Z,>0, 


since p;,04 is onto by (6). Also 


iz es(0) —_ tesizox Th+9(S*), 











THE GROUPS 7,(%,m) 261 
which is generated by 
hie n+alte+22} oa Rien +2 2hyx} cas Zhi x +athy x} sa 2fhisexs = 0. 
Hence iz/\y4(0) = 0; whence 7}. has four elements. 

Note that thus A, is trivial, and hence p,.,,, is ‘onto’. 

We now need to determine the structure of 7j,. For this we look at 
the space P£*} [see 2.3 (d)], which is of the same homotopy type as the 
Y*! defined in 3.2 [see Appendix to part (II)]. M. G. Barratt showed 
in (1) that the homotopy classes of maps of Pk*} into itself can be turned 
into a group (P§*1)%P§*}) when k > 3, and that this group is Z, 
[(1) 10.61]; and more particularly that, if « is the identical map of P§*} 
onto itself, i’ the identical map 


—1 ¢ - Ok k+1 
Yievsstesa: S* > Pert, 
and p’ the shrinking map 
- Pk+1 k+1 
Prsoa¥xisa: Peri > S**, 


then a generates (P§*})°(P§*}) and 2a = {i’hy,41 p’}. 
Next consider the sequence 


a.“ ' Py m 
_ 7. 49(S*) a Teo PETT ag gt T49(S*+) >. 


By virtue ofthe isomorphisms of Theorems 2.3 (f) and (g), this is exact 
and reduces to (0) > Zy > trpaq(PE*}) > Ze > (0). 
Let B: S*+* + P§*} be such that p’*{8} = {hy.. 442}. Then since 
{B} € Ex,,.(PE+}) fork >5 
by Corollary 3.2 (C) (k is odd), it induces a homomorphism 
B*: (PE) (PEA) > mesa( PEt 
Thus, for k > 5, 
2B%a = B* 2a = BY{Li'hya.rP’} = (iran sr D'B} 
= {Ig piesa crad = Whggsa} FO 
from (c) above. Thus, when k > 5, we have found an element, 8*a, in 
,.9(PE+}) twice which is non-zero. Hence 7,,.(Pk*}) = Z, for k > 5. 


For k = 3, the result follows from this and Corollary 3.2 (C). By 
Theorem 2.3 (g) we therefore have that 


tee= Z,, foroddk>3 


and is generated by any a such that p,.5144 = {hyir psa} 
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(d) When p = 3, (A) gives, when k > 5, 


Prise 


ke Ay , tkise Pkise 
Te +4(S**1) ——> Tr 43(4 » —~— Tee ee pian Te 49(S**+) iad 


since p;.3» is ‘onto’ by (c). Also 
te tse(0) = tys22%7K+3(S*), 
which is generated by 
hic +stte+e,a} = RE +3 2ANg x} es 2fhy. 1+3}- 
Hence ig} 54(0) = 2Z4; t.e. mi, has four elements. 

Note that exactness implies that A, 7,,4(S**+!) = 27,,,(S*), whence 
A;1(0), and so the image of p,,,,, is Z, generated by 12{h,.,,+4}- 

To determine the structure of 7},, we operate with Az,,,,3 on the 
section of the sequence given in 5.2 (c) and obtain the commutative 
diagram (cf. (3.2)] 

ky _*k+ Pr+2, " 
> ty 4g(S*) > ag TS m4 3(S*4) > 0 
A 


t ys | A® fa 
| 


> T+2(S*) a, Tie Fees, T+9(S**) > 0. 
Now let a be a generator of 7}, such that 
Prsoia® = {hesrzss}s 
and a’ a generator of 7?,.. Then 
R* Dy. o24U = A¥ {hy sy psa} = Mesrcse hy sansa} = Uhesrnss} 
Hence Prsoash*a’ = {hys1x+3}- 
Thus h*a’ = a+tz4349, 
where b € 7;,,,(S*); and 2(h*a’) = 2a+-2%,,5. 
But 2inss9 9 = tpige 25 = 0, 
from above; and further, 
2(h*a’) = 2ay{hy 2x43} = Ge hy ren+3} = 0. 
Hence 2a = 0, 
i.e. tee = Z,+Z, for odd k > 5, 
and is generated by {i,.1 1 4y,.43}and any asuch that p, .o 144 = {hy.1p43}- 
(e) When p = 3, and k = 3, (A) gives 


- A * ; * = 
= 777(S*) fn 114(S*) ae 732 . 14(S*) > 


+> Z,+2Z, > 24, > 732 > Z, > 0 
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since p,, is ‘onto’ by (c). Unfortunately in this case we cannot make 
use of Theorem 1.3 since 7,(S*) A Ez,(S*), but at any rate we have 
from Theorem 1.4 that 
Ave €Ez,(S*) = ts ox 774(S*), 
which is generated by 
W5 ofts,2} = 36 2ths 3} 2 2{hs.6} 

since A}, is a homomorphism by Theorem IV of (7). Hence 

I have not been able to find a direct method of calculating A,, p,{h- 7}. 
There is however another way of evaluating 73. Consider the sequence 
associated with the fibring J; ,/S* > V;,: 
1.e. > 135 > 73,2 > 7,(S?) > 23.5 > 73. > 7,(S?) —. 
I shall show in § 8.5 (c) and (d) respectively that 73, = Z, and 7$, = 0. 
Hence the sequence is of the form 

+0 >73,>2,>2,724,7>Z, > 
since 75. = Z, by (c). Thus, by exactness, we have 
732 = Zz, 

generated by any a such that p,,,@ = {h4,}. Note that i,, is trivial 
and that this implies that A,, p,{h,7} = A{hs,}, where A is odd. Exact- 
ness then gives that the image of p,, is the subgroup Z,,+ Z, which is 
generated by (2p,{h,,}—A€{hs,}) and 6E{h, .}. 

(f) When p = 4, and k > 7, (A) gives 


Y, 7, P, = 
> Tyag(S*+1) > my, 4(S*) > ahs eS tes (S*H) >. 


But 7,.,4(S*) = 0, and by (d) the image of p,,,, is Z,. Hence 
tee = Z, for oddk >7, 
and is generated by pj-*s ys 12{hy 41444}: 
(g) When p = 4 and k = 3, (A) gives 


P Ply a P 
—*, 24(S*) —*> 2,(8%) —*> a$. —“> 2,(S*) > 


i.e. + Z,+-Z,> Z,> 732 > Z.+2,>90 


since the image of p,, is Z,.+ Z, by (e). Again we cannot make use of 
Theorem 1.3. But consider 


tza{hs7} a tra{hs, he7} = tr» he rhs} ras he.7 tgxths.s} == @ 
since i,, is trivial by (e). Hence i,, ,(S*) = 0; and we have the result 
7732 = Zot Ze, 
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and is generated by 
D5,i%(2Px{hz,7}—AE{hg6}) (Aodd) and p; 51x 8Efhs6}. 
Note that, by Theorem 1.4, 
Ass €Ez,(S*) —= ts 2% 77(S*), 
which is generated by 
hs 2{hs 3} a7 2h3,7{hs 3}; 
h3, being a homomorphism since [(7) Theorem IV] there is a multi- 


plication on S* = 2fh,,} = 0. Thus A,, Ez,(S*) = 0. But i,, 7,(S*) = 0, 
whence, by exactness, 





Ase Dathzs} = {hs3}- 
So we have that the image of p,, is the Z, subgroup €7z,(S*). 
(h) When p = 4 and k = 5, (A) gives 


> T9(S*) > 2,(S5) > 32 =. 114(S*) > 


since by (d) the image of p,, is Z,. Thus 7$, has four elements. To 


determine its structure we operate with A, on that section of the 
sequence given in (c) to obtain the diagram 


~> m5") ae 7%, : =e, 114(S*) > 
i h* i h* [ae 
a 2 Pras . 

> 1,(S8°) —, — > m,(S*) >. 


Let a be a generator of 7$, such that p,,,@ = 12{he,}, and leta’ be a 
generator of 73, (= Z,). Then 


h*pz 34’ = h*{he7} = {hez hz} a 12{he »}- 


Hence Prish*a’ = 12{hg}. 

Thus h*a’ = a+i,,b, where b € 7,(S5); and 2h*a’ = 2a+2i,,b. 
But 23545 = tog 2b = 0; 

and further 2h*a’ = 2a,{h} = a, 2{h, 9} = 0. 
Hence 2a = 0, 

i.e. m2 = 2,+Z,, 


and is generated by {i,,h;,} and any a such that p,,,@ = 12{h¢ 9}. 
(i) When p = 5 and k > 7, (A) gives 


> TF e+. g(S*+) —_> TT e+ 5(S* ) —> Tee —_> Te45(S*+1) “>, 
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But 7;,,;(S**!) = 0 = m,,;(S*) when k > 7. Hence 
tme2=0 for oddk >7. 


(j) When p = 5 and k = 3, (A) gives 


P uy 4 3) _* P 
a m4(S*) ——> m,(S*) —> 73.2 —> 1,(S*) >, 


since by (g) the image of p,, is Z,. Again we cannot make use of Theorem 
1.3; but as in (g) we consider 


isathss} = tgefhse hes} = tax hs sfhse} = he stce{hso} = 0 
since i,, is trivial by (e). Hence i,, 7,(S*) = 0, and we have the result 
732 = Zz, 
and is generated by pz i €{hs,}. Note that, by Theorem 1.4, 
Ags Ezg(S*) = ts.2479(S*), 
which is generated by 
hs 2{hs3} = 2h3,s(hs,3} a 2{hss} me, 
h3 being a homomorphism since there is a multiplication on S°. 
Thus A,, €z,(S*) = 0. But i,,7,(S*) = 0, whence, by exactness, 


° Age Paths} = {ha,s}- 
So the image of p,, is the Z, subgroup generated by €{h; 5}. 
(k) When p = 5 and k = 5, (A) gives 


= 774(S°) _ m1o(S®) hoe 





> 13s > M9(S*) >, 

i.e. +> Z,, > Z, > 73, > 0. 

Since z,,(S*) 4+ €z,9(S5), we cannot use Theorem 1.3 to determine the 
kernel of i,),, but have to use a special method. Note, however, that 
m2, is at most Z,. 

Consider first the P{ imbedded in V,, [2.3 (d)], which is of the same 
homotopy type as Y$ which consists of an S* to which a 6-cell has been 
attached by a map of degree two on its boundary. Then (Y$, 8°) is a pair 
of the type considered in § 2 of (12), and so we have the exact sequence 


= H, Q 7 
> 74, (S®) —> 27,(S*) —> m749(¥$, S®) > m9(S*) >, 


where H, is defined as a, €-*H by 


H ; ¢é : 
743(S*) —> 1 ,(S™) <—_— 775(S°) > 775(S°), 
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H being the Hopf invariant and a the attaching map, of degree 2. Since 
there exist maps : S'™ + S* of Hopf invariant 2 (11), but not of Hopf 
invariant 1 (20), and, since « is of degree 2, the image of Q is Z,. But 
719(S*) = 0. Hence 

m9(P§, S5)  m4(¥§, S5) = Z,. 

Now J;,, being a fibre space over S* with fibre S®°, is an eleven- 
dimensional space, and the cellular decomposition of (22) shows that, 
besides P, V,, contains just one other cell, an Z™. Thus 

711(Vz.2, P§) = Za, ™9(V3.2, P$) = 


and the homotopy sequence of the triple (V;., P§, 8°): 


i, ese a ‘ . - 
“> m1,(P§, PP) oe 71(V59, S°) > 7 (b 9, P) icetiie t T9(P§, S°) 


> m(V2, 8°) > 
becomes +> m,(P$, 85) > Z, > Z, > Z,>0-. 
Hence Yes 71(P§, S5) = 0, 
and 84: 77;(V;2, P$) is ‘onto’. 
Next consider the commutative diagram 


0 


A 
| 


A, - ig - - 
> 7 (S®) —> my9(S°) —> m4 0(Vz.2) > m49(S*) > 
A A 
Posse [vase I ase Pevase 
5, _ °° -_ © Js ?, 
> 1, (P§, S®) —> m49(S®) —> m9( P2) —> m9 Pi, S*) > 
[* 
774(Vi2, P§), 
t 
in which both the horizontal and vertical sequences are exact. Since 
5; is ‘onto’, so is jy. Since ¥g3, is trivial and ¥,,, is an isomorphism, 
8% 771,(P§, S®) = 0. 
Hence i,-1(0) = 0, and thus 7,9(P$) is an extension of Z, by Z,. I show 
below that 7,{h, 19} can be halved in 7,9(P§), whence mol PS) = = Z,. But 
jad = 34, which is ‘onto’. Hence 5, is ‘onto’, and 
79(Vz2) = 0. 
To prove that 7,{h; 9} can be halved in 79(P§), consider Y$ and let 
(Y§ and Y$) be two cones with different vertices based on Y$, so that 


Fa 
Js 
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(Y$n Y8) = Y$and (Y$u Y$) = €Y§ ~ Yj.t+ Thenconsider the diagram 


8, 
> m(¥E WE YD) —> an YY > 
| 
\ 
ie , 
7 9(S®) ——> m0(¥9), 
where 5,, 5,,, and 7, are the triad-boundary, homotopy-boundary, and 
injection homomorphisms. Since (Y$ is contractible, 5,, is an isomorph- 
ism. Let 5,, be the corresponding isomorphism on 7,(Y$), Y$), and let 
h,, and h,, be generators of 7,(¥Y$), Y$) and 7,((Y$, Y$). Then 
814 5.15,5) 45,6] = —Sr4l3245,5,45,6], by 4.3 of (4), 
= —[8245,5,51445,6], by 3.5 of (4). 
But Sanhss = tathss}, S14 hs,6 = tafhs.e}- 
Hence 814 5.[15,5, 45,6] = talhs,r0}- 
If we now shrink Y$ to a point in (Y}; (Y$, Y$)), we obtain a triad 
(X; A,B), where A and B are two different copies of Y} having only a 
single point in common. By §§ 5, 6, and especially p. 403 of (2), we have 





om mV; (Y3, ¥2)) & m(X; A, B) = Z,; 
and further that, if « is a generator, [h; 5,454] = 2«. Hence 
* tx{hs10} = 2314550, 


and so can be halved in 7,9(Y$). 

5.3. k = 1. As in § 5.2, we have from § 2.3 (6) that {t,,} = 2{h,}}. 
Then 

(a) when p = 0, (A) gives 


* A, 7 * 
Pe, ar_(:S?) —*> 24(S1) —*> 29g > 7,(S?), 


i.e. > Z,>2Z, > Tt > 0, 
where i;,/(0) is generated by {t,,}, ie. by 2{h, ,}. 
Thus 7?, = Z,, generated by {i, , hy 3}- 
Note that Az 4(0) = 0, and thus p,, is trivial. 
(6) When p > 1, (A) gives 


tpyis Poise As 
(S*) el TPs a T+4(S*) —> z,(S") >. 


> Ty 
But 7,,,(S') = 0 when p > 1; and we also have from (a) that p., is 
trivial. 
Thus 7}, = 0; and 7?, = 7,.,(S?) for p > 2. The values of w?, for 
p > 2 are then as shown in the tables. 
+ I am much indebted to Dr. M. G. Barratt for the following argument. 
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CONNEXIONS FOR SYSTEMS OF PARALLEL 
DISTRIBUTIONS 


By T. J. WILLMORE (Liverpool) 
[Received 12 May 1956] 


1. Introduction 


THIs paper may be regarded as a sequel to a previous paper by A. G. 
Walkerf (2). 
In (2) Walker proved the theorem: 


THEOREM |. For any system of distributions over a manifoldt there 
exists in the large an affine connexion with respect to which the distributions 
are parallel and which is symmetric if the system is integrable. 


I gave a short proof of this existence theorem in (5); here I give another 
proof by a method introduced in (4), which, like Walker’s, has the advan- 
tage over the method of (5) in that an explicit expression for a suitable 
connexion is given. I then show that the connexions obtained by Walker 
in (2) are precisely those obtained here when all arbitrary parameters 
are set equal to zero. 

In general there is considerable freedom of choice of a connexion which 
makes a system of distributions parallel, for this depends on the inde- 
pendent choice of an arbitrary symmetric connexion and an arbitrary 
complementary distribution. However, a definite procedure is described 
which makes correspond to a given complementary distribution a con- 
nexion giving parallelism whose torsion is independent of the choice of 
the arbitrary symmetric connexion. In particular a complete system of 
distributions has a system of torsion tensors canonically associated with 
it whose vanishing is a necessary and sufficient condition for the system 
to be integrable. 

Finally I prove that an n-dimensional manifold which admits n 
linearly independent vector fields (e;) such that [e;,e;] = 0, can be given 
a Euclidean metric with respect to which the vector fields are parallel. 
If, in addition, the manifold is compact, I show that it is homeomorphic 
to a torus. This contains as an immediate corollary the result proved 


+ I wish to thank Professor Walker for showing me his paper in manuscript. 
t Unless otherwise stated, differentiable manifolds and distributions are of 
class C™. 


Quart. J. Math. Oxford (2), 7 (1956), 269-76. 
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by Ishihara and Obata (1) that, under our hypothesis, the manifold has 


its pth Betti number equal to (") 


2. Asymmetric connexions 

If an n-dimensional manifold M admits a distribution D of m-planes, 
then it necessarily admits a complementary distribution D, of /-planes 
where /+-m = n, and the structure group L(n) of the principal fibre 
bundle of the tangent bundle of M is reducible to the product L(m) x L(I). 
Similarly, if MW admits a system of disjoint distributions 


{D,} (p = 1, 2,005 P), 


then there exists a complementary distribution D, of /-planes where 


Pp . . . 
l+ >} m, =n, and m, = dim D,. In this case the structure group is 


p=l1 
reducible to L(m,) x L(mzg) x ... X L(m,) x Lil). 


I shall use suffixes i,j, k for the index range R, (1,...,); «, 8B, y for the 
range R,, (1,..., m,); A, w, v for the range R,, (m,+-1,..., m,+ mg); &, 7, f 
for the range R,, (m,+m,+-1,..., m,+m,+mzs); etc.; r, s, t for the range 
Ry, (n—I+1.,..., n). 
Attention may then be restricted to a set of distinguished frames 
(€;) = (€,, €y, &g,..., @,), 

where, at each point P, (e,) spans the plane of D,, (e,) spans the plane 
of D,, (eg) spans the plane of D,, etc., and (e,) spans the plane of the 
complementary distribution D,. Moreover, the linear transformations 
which relate any two distinguished frames at P must belong to the 
restricted group L(m,) x L(m,) x .. x L(m,) x L(I). 

It is convenient to introduce the following notation. If q is any suffix 
of the range R,, then q’ takes values over all other ranges. If q is any 
suffix of the range R, (o + 0), then g takes values over all other ranges, 
excluding Rp. 

Let (w*) = (w%, w’, wS,..., w”) be a set of Pfaffian forms forming the dual 
basis to that given by the distinguished basis (e;) = (€,, €), z,..., €,). 
Then locally D, is given by the equations w* = 0, D, by w = 0, D, by 
w> = 0, ete., and D, by w” = 0. 

Let (w‘;) be the components with respect to the basis (w*) of an affine 
connexion, defined over some neighbourhood of M. Then the absolute 
differentials of the basis vectors (e;) are given by 
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It follows that a necessary and sufficient condition for the given system 
of distributions {D,} to be parallel is 


w, = 0, KER, (p = 1, 2.,..., p). (2.2) 
Let (Q*';) be the components with respect to (w‘) of any symmetric 
connexion which is defined globally over M: the existence of such a 
connexion is implied by the existence of a positive definite Riemannian 
metric which can always be defined globally over M. Then the symbols 
(t';) defined by the equation 
wi; = Oi,—ti, (2.3) 
are the components of a tensorial differential form of order one. Con- 
versely, if (¢';) are components of such a tensorial form, then (w‘;) defined 
by (2.3) are components of an affine connexion. Moreover, if (t‘;) is 
defined globally over M, so is the connexion (w‘;). 
From (2.2), (2.3) it follows that a necessary and sufficient condition 
on (¢‘;) for parallelism of the distributions {D,} is 


w= OF, KE R, (p = I, 2...., p). (2.4) 


The remaining components of (¢';) are unrestricted, and may conveniently 
be taken as zero. It is easily verified that the set (¢';) so defined trans- 
forms as a tensorial form under the restricted transformation-group. 
There is thus defined globally over M an affine connexion with respect 
to which the distributions {D,} are parallel. However this connexion will 


not generally be symmetric. We consider next conditions for the exis- 
tence of a symmetric connexion with respect to which the system of 
distributions shall be parallel. 


3. Symmetric connexions 

It is well known (ef. 3) that on a manifold with a symmetric affine 
connexion every parallel distribution is necessarily integrable. It follows 
that in order that the system {D,} shall be parallel with respect to a 
symmetric connexion, it is necessary that each distribution D, shall be 
integrable. However, this condition is not sufficient because, if D,, D, 
are two disjoint distributions, each being parallel with respect to a 
symmetric connexion, then the sum D,+ D, is necessarily parallel, but 
the sum of two integrable distributions is not necessarily integrable. 
Following the terminology of Walker (2) I shall say that a system {D,} 
is integrable if every sum of distributions is integrable. 


Write , P=utD. (3.1) 


po 
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Then, as Walker pointed out in (2), the system {D,} is integrable if and 
only if each of the set D, D', D*,..., D? is separately integrable. This 
follows from the fact that every sum of distributions of the system {D,} 
is the intersection of distributions of the system {D, D°}, and the result 
that the intersection of integrable distributions is integrable. 

We observe that D is given by w’ = 0; D' by w” = 0, w* = 0; D* by 
w"’ = 0, w = 0; D® by w” = 0, w* = 0, ete. The conditions of integra- 
bility of the system {D,} thus reduce to 





dw’ = 0 when w? = 0, pe Ry ) 
dw* = 0 when w? = 0, pe R,+R, 
dw’ = 0 when w? = 0, pe R,+R, }- (3.2) 
dw’ = 0 when w? = 0, pe Ry+R; 
eee i ee 


A necessary and sufficient condition for the connexion (w‘;) to be sym- 


metric (torsion-free) is Sih ted Kad we (3.3) 
j —— . vw. 


Since the connexion (‘;) is symmetric, we have 


dw'+ Qi; Aw = 0. (3.4) 
From (2.3), (3.3), (3.4) it follows that, if (w‘;) is symmetric, then 


Conversely, when (3.5) is satisfied, the connexion defined by (2.3) will 
be symmetric. Hence our problem is reduced to defining (t‘;) globally 
over M so that (2.4) is satisfied and so that (3.5) is a consequence of (3.2). 


Write ti; = chi, wk, Qi; = yi, w*, (3.6) 
where the coefficients c‘;, are to be determined. 

The conditions of integrability (3.2) of the system of distributions 
together with relations (3.4) which express the symmetry of (Q*;) now 


ive 
6 Yw=Ves =p ras=rp ete. (3.7) 
The conditions for parallelism (2.4) lead to the relations 
CBi = Yi cX, = vis etc., 
which can be written in the form 
C= K=Y M=rhy ete. (3.8) 
The conditions (3.5) which must be satisfied if the required connexion 


is symmetric become ci, = chy. (3.9) 


These equations are compatible with (3.8) because of relations (3.7). 
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Choose coefficients (c‘;,,) so that conditions (3.8) are satisfied. Certain 
coefficients will not be determined by equations (3.8), (3.9), namely 


r. c | A . 
Cts By» Cig» Ser Cus CAy, ch, oA, cy; ete. 


These are arbitrary except for symmetry relations among themselves, i.e. 
a r. oni nie an aie 
Cat = Ces By = CY Cig = Cat Cat = Cis; ete. (3.10) 


We take all these coefficients to be zero, and show that the matrix (¢*,) 
is now uniquely determined. 


We have HK = Vow 3 = Yiys Cop = Yee 
together with Chy = Che = Coy = Cy = 9. 
Hence “= YBy wb, {, = Yee wb, 
Also, from (2.4), we have tz = 05, 


so that the first row of the partitioned matrix (¢‘;) is determined. In the 
same way the second, third,..., pth rows of the matrix are determined. 
In order to obtain the last row, we use the relations 


Pe r - om r am 
Cri = Yer Cty = Yet Ca = 9, 
from which "= Yn". 
Also, from (2.4), we have y= OF, 


and hence the last row is determined. 

It is easily verified that the set (¢';) defined above transforms as a 
tensorial form under the restricted transformation-group, so that the 
corresponding connexion given by (2.3) is defined globally over the 
manifold, makes the distributions parallel, and is of zero torsion when 
the system is integrable. This completes the proof of Theorem 1. 


4. Transformation to a natural frame 

In this section I show that under a transformation from a distinguished 
frame to a frame naturally associated with the coordinate system, the 
connexion obtained in the previous section with all arbitrary parameters 
set equal to zero gives precisely the connexion previously obtained by 
Walker (2). 

Consider the natural basis (e*) defined by 


* [Apt 
e; => 0/éz", 


with the dual basis w*t = dt, 


3695 2.7 
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The transformations connecting the distinguished frames (e;), (w*) with 
these natural frames are 
e, = rv, e*,, w? = Be; w*i, 

where Map; = 8;. 
Under this transformation the components of the tensorial form ¢*, 

For reasons of space I omit details of the calculation of (¢*‘;), where 
(é,) is given in the previous section. In the course of the calculation 
it is convenient to introduce symbols as follows. 

Write a’ i= rN u2; where q runs over R,, 

a‘; = A‘-w”’; where p runs over Rp, 


a? ee 
bt, = a';—a';; 


: p p 
write 
OM, = Diedet, aM) = Uedet, 4) = —T,uHh 
Define 7',(a, T°) by the relation 
Ti.(a, r) —_ —a', ;a",—a',,a";+a',,a",a"; 


where a comma denotes covariant differentiation with respect to I},. 
Define Ti,(b, r) by the same formula with a replaced by b. We find 
p 


Fe) 
that the elements in the pth row of the matrix (é*,) together contribute 


the term a‘, io(b, r) in the expression for 7'*},, while the elements 
in the last row together yield the term 7',(a,T). We finally get 

Li, = Ti, + Tila, r)+aty & T(b, r), (4.2) 
which is precisely the formula obtained by Walker (2, (17)). 


5. The connexion given by (4.2) depends upon the choice of the 
symmetric connexion Ij, and the arbitrary complementary distribu- 
tion D,. However, I show that once D, has been chosen, the torsion 


tensor defined by ti, = 4(Li,—Li,) (5.1) 


is independent of the particular symmetric connexion chosen. 


Define tensors o},, oj, by the relations 
p 
OF, = i{Ti,(a, r)—Ti,(a, r)}, (i ° 
t o- i u —__ Ju, | : 
Fas 3a of ie(b, r) Ti(b, r)| ? (5 3) 


ou 
bo 
-— 
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so that thy = O},+ $ oi. (5.4) 
p=1p : 
Then, after some calculation, we find that 
, ea éat 
oat = sa", a’. et 9 5.5 
- (S a ies 
ay = 1%, b%, mre, Oh. (5.6) 
p p Noa" Oa” 


showing that each of the tensors o},, oj, is independent of I’, and 
hence ti, is independent of I. 

These results may be put in another form involving the bracket 
operation of vector fields. Denote by P the linear operator corresponding 
to the tensor a‘; which maps the module -@ of vector fields over .@ into 
itself. Similar ly let P denote the linear operator corresponding to the 
tensor b';, and let i be the identity operator. Let o be the bilinear 

p 


mapping co: .@x.#->.4 defined by 


[o(A, w)]? = of, Aip*. (5.7) 
Similarly define o by the relation 
p , — 
[oa w)]" = of, Mu". (5.8) 
p p 
Then a simple calculation shows that 
(I—P)[ PA, Pw] = 2o0(A, p), (5.9) 
and (P—P)|Pa, Py| = 2o(A, p), (5.10) 
p’*p  p p 


giving confirmation that the tensors o},, oj, are independent of the 
p 


symmetric connexion I’. 

If the given system of distributions is complete (i.e. at each point the 
planes of the distributions span the whole tangent space), then the 
choice of D, does not arise and there is thus associated with the system 
a set of tensors o},, o} oi whose vanishing is a necessary and sufficient 


condition for the system of distributions to be integrable. 
6. A system of n linearly independent vector fields (e;) such that 
[e,,e;] = 0 is said to form a commutative n-frame. We now prove 


THEOREM 2. A compact differentiable manifold of class C’ (r > 3) 
which admits a commutative n-frame is homeomorphic to a torus. 


The conditions [e,;,e;] = 0 are necessary in order that the vector 
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fields (e;) shall be parallel with respect to a symmetric connexion. We 
now prove that when these conditions are satisfied, the vector fields are 
parallel with respect to a locally Euclidean metric. Certainly the existence 
of the frame (e,) implies the existence of a dual frame (w‘) of n linearly 
independent 1-forms which gives rise to the Riemannian metric 


ds? = ¥ (wi)?. 
‘=1 


A short calculation now shows that the conditions [e,,e;] = 0 imply 
dw' = 0. Hence the Riemannian metric is flat. It follows that, when 
M admits a commutative n-frame, it can be metrized globally by a flat 
metric with respect to which the vector fields are parallel. Hence a 
simply-connected manifold which admits a commutative n-frame is 
necessarily homeomorphic with Euclidean n-space. 

Consider now the simply connected manifold MW which covers M, 
equipped with the locally Euclidean metric induced from M. Then W 
is Euclidean n-space. Since the » vectors (e;) are globally parallel over 
M, the homogeneous holonomy group of M consists of just the identity 
while the full holonomy group is a discrete group generated by transla- 
tions parallel to the vectors (e;). Since M is compact, it follows that M 
is obtained from M as a fundamental region bounded by hyperplanes 
whose directions are determined by the vectors (e;). From this it follows 
that M is an n-dimensional torus, and the theorem is proved. 


As a corollary it follows that the pth Betti number of M is (*). 
which is the result obtained by Ishihara and Obata (1). 


In conclusion, I should like to thank the referee for pointing out that 
some of the results of §§ 2-5 include as a special case results already 
obtained by A. Froéhlicher [‘Zur Differentialgeometrie der komplexen 
Strukturen’, Math. Annalen 120 (1955), 50-95]. It is hoped to deal with 


a 


this matter elsewhere. 
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THE INTERSECTION OF THE KOTHE- 
TOEPLITZ MAXIMAL MATRIX RINGS 


By H. 8S. ALLEN (London) 
[Received 14 May 1956] 


Let «; (i € J) be the set of all perfect sequence spaces. The ring > (a;,) 
of all matrices which map a; into a; is a maximal Kéthe—Toeplitz ring 
[(3), 315]. In this paper the ‘3 of matrices which belong to the inter- 
section of all the rings > (a,) (¢ € J) will be identified. 

The set of all matrices ahi belong to > (a,;) and which have a two- 
sided reciprocal in > (a;) is a group with respect to matrix multiplication, 
and I shall denote this group by G(a,) [(1), 112]. The intersection 

G(a;) N G(a;) (¢ # J), is a non-empty proper subset of G(«;) and of G(a,;), 
and an example is known in which G(«;) N G(a;) is not a group [(4), 105]. 
In the case a;Da;, G(a;)M G(a;) is a proper subgroup of ke - and of 
G(a;) [(1), 119]. It is known that the intersection g = a} G(«;) is a group 


[(1), 119], and*in this paper the elements of g will be identified. 

I shall denote the set of all matrices which are row-bounded and column- 
bounded by 8%, and the set of all diagonal matrices by D. 

The intersettion of all the maximal rings of matrices which transform 
a perfect convergence-free space [(2), 280] into itself is determined first. 


THEOREM |. A matrix A maps every perfect convergence-free space into 
itself if and only if A = B+D, where Be B and De D. 


Suppose that A = {a(n, k)} maps every perfect convergence-free space 
into itself. The spaces ¢ and o are convergence-free, and hence 
Ae (¢)N > (ce); and it follows that A is row-finite and column- 
finite [(3), 301]. I prove first that the number of non-zero elements of A 
above the principal diagonal is finite. Suppose that A has infinitely many 
non-zero elements above the principal diagonal and let l,, (n = 1, 2,...) 
be the least non-negative integer such that a(n,k) = 0 (k >1,). Then 
the set S of integers n such that l,, > n is an infinite set, and there are 
integers n; (j = 1, 2,...) in S such that n; <1,,< ;,,. We determine a 
sequence u = {u(k)} such that u(I,,) # 0 (j= YF 2,...), w(k) = 0 when k 
is not in the sequence {,,}, and whose A-transform has non-zero co- 
ordinates with suffixes n; (j = 1, 2,...). Let w(l,,) = 1, and determine 
u(I,,) # 0 such that 


a(N, L,,)u (Z,,)+-@(Mg, l,,)u(Ln,) aa 0. 
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When u(I,, ) #0 has been determined, we choose u(l,,.) 4 0 such that 


nj+l 
i+ 

2 Uj +19 Ln )Uln,) xt 0, 

i= 

Let M be the set of all positive integers which are not in the sequence 
f . 

{/,,}; then n,eM (j =1,2....). 


Let B be the space of all sequences x such that the number of non-zero 
coordinates of x with suffixes in M is finite. It follows from the definitions 
that B is convergence-free and that M is an F-set for 8 [(2), 281]. Hence 
8 contains all sequences which have only a finite number of non-zero 
coordinates with suffixes in every F-set for 8, and it follows that £ is 
perfect [(2), 282]. Hence AB < 8. We have we B since u(k) = 0 (ke M), 
and (Au),, # 0(j = 1, 2,...). The contradiction proves that A has only 
a finite number of non-zero elements above the principal diagonal. If A 
is any perfect convergence-free space, then A* is perfect and convergence- 
free [(2), 280], and hence A €  (A*) and A’ € § (A) [(3), 300]. It follows 
that the number of non-zero elements of A below the principal diagonal] 
is finite. This proves the theorem. 


CoroLuaRY. If a K,-matrix (K,-matrix or Hilbert matrix) A maps every 
perfect convergence-free space into itself, then A maps every normal space 
which contains ¢ into itself [(2), 278]. 

We have A = B+D, where Be $8 and De D. In this case the set of 
diagonal elements of D is bounded, and the result follows. 


THEOREM 2. The ring [1] > (a;) ts the ring of all matrices B+-D, where 
ieJ 
Be and De D, and the set of diagonal elements of D is bounded. 
The ring f) > (a,) is a sub-ring of > (o,.), the ring of K,-matrices 
ieJ 


[(3), 298], and hence every matrix which belongs to this sub-ring can be 
expressed in this form. 
Conversely, every perfect space contains ¢ and is normal [(2), 278], 
and hence every matrix of this class belongs to the ring Q) > (a;)- 
v 


THEOREM 3. A matrix A belongs to the group g if and only if there is a 
non-negative integer n and positive constantsmand M such that A = B+-D, 
where B = (b;,,) € 8B, D = (d,;) € D, and 

(i) ds =O0(l<t<n),mc< |d;| <M (t>n), 
(ii) 6; = 0 if either « or k exceeds n, 

(iii) then xn matrix B, = (b%}) with elements 60 = 6; ,. (i, k = 1, 2,...,) 

is non-singular. 
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Suppose that A eg; then A has only a finite number of non-zero 
elements outside the principal diagonal. Let n be the greatest of the 
row and column suffixes of the non-zero elements of A which are not 
in the principal diagonal. Then A can be expressed in the form 

A = B+D, 

where B = (b;,) satisfies (ii), D = (d;)€ D, and D is chosen so that 
d; = 0,1 <i<n. Then |d;| < M fori > n, by Theorem 2. The matrix 
A has a two-sided reciprocal in the group g. The unique two-sided 
reciprocal of B+-D can be expressed in the form B,+ D,, where (a) B, € 8, 
(6) the greatest of the row and column suffixes of the non-zero elements 
of B, is n, (c) D, = (dye D,d™ =0(1l <i<n),d@d,;=1(i>n). 
Since the set of diagonal elements of D, is bounded, it follows that the 
conditions are necessary. 

If the conditions are satisfied, then A belongs to the ring N > (a); 

v€ 


and has a two-sided reciprocal in this ring, and hence A € g. 
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SOME FURTHER WORK ON L?-SOLUTIONS 
OF THE WAVE EQUATION 


By A. I. MARTIN (Derby) 
[Received 28 May 1956] 
1. An L*-solution, 6 = es : of the partial differential equation 
~~ 
peat +{A—q(z, y)}¢ = 0, (1.1) 
where q(x, y) is a real continuous function and 2, y vary over the whole 
plane, has continuous second-order partial derivatives and satisfies the 


inequality —- 
\2 
0< <J Ji d(x, y)|* dady < oo. 


In (1) it was shown that, if (1.1) has an L?-solution for one complex 
value of the parameter A, then it has an L?-solution for every complex 
value of A, and the Green’s function G(x, y,£,,A) corresponding to 
(1.1) and the whole plane is not unique. The L*-solutions of (1.1) for 
real values of A were examined only in the case when (1.1) had no 
L*-s0lution for a complex value of A, and, hence, no L?-solution for any 
complex value of A (Green’s function is unique). The result is that, in 
this case, (1.1) has an L*-solution if and only if the function 


A(x, y,&,,u) = . lim | im G(x, y, €, n, uw’ +tv) du’, (1.3) 
Tv v0 
0 


when regarded as a function of wu, is discontinuous at uw = A. It has been 
shown by Titchmarsh (2) that this function exists and is of bounded 
variation in any finite interval. Thus, its points of discontinuity are 
enumerable and they may be said to form the discrete spectrum of 
(1.1) and the whole plane. 

When Green’s function is not unique, points of discontinuity of an 
H-function depend, in general, on the particular Green’s function taken 
in (1.3), and hence they cannot be expressed solely in terms of a property 
of (1.1) and the whole plane. In this case it is no longer justifiable to 
speak of a wnique spectrum belonging to (1.1) and the whole plane. The 
object of this paper is to show that, in the case when Green’s function 
is not unique, (1.1) has an L?-solution for those real values of A which 
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form either points of discontinuity of an H-function, or points lying 
inside an open interval throughout which H is constant. 





2. Let p (real) be a point of discontinuity of H = H(u) and 
¢ = $(x, y, €,) 


the corresponding saltus, so that 


d(x, y,&,n) = H(z, y, €,n, u+0)—H (a, y, €, 7, u—0) (2.1) 
is not identically zero, and, as in (1), 


| | {$(x, y, €, n)}* dady < oo. (2.2) 


—oO — 


The method of proof used in (1) [217-19] to show that 
$(x,y) = P(x, y, &, 9) 


satisfies (1.1) with A = p is valid only if Green’s function is unique. 
Here I give a more general method of proof also valid in the case when 
Green’s function is not unique. 


THEOREM 1. Let yp (real) be a point of discontinuity of an H-function. 
Then, whether Green’s function is unique or not, (1.1) with AX = p has an 
L?-solution. 


= 


The converse of the theorem holds only if Green’s function is unique. 
It will be shown that (2.1) supplies the required solution ; the theorem 
then follows by (2.2). 

Let C be the square whose centre is at ~ and whose sides are parallel 
to the A-axes and of length 2/. Let A be complex and lie inside C. Then, 
by (6.2) of (1), 


u=p+l 
1 G(x, 9S» 952% dH (x, 2S, 7,U 
Ge, w8 2d) = 5 | BS be 4. | (x, y,€, 7 ) 
Pa 





u—A 
u=p—l (2. 3) 
where the first integral on the right-hand side is a contour integral taken 
round the perimeter of C and the second integral is a Stieltjes integral 
taken over »—l < wu < y+. The argument used to prove this formula 
is valid whether Green’s function is unique or not. Also, by the definition 
(1.3) of an H-function, 


u=pt+l 
1 
0= 55 [ Gauge) de+ | dH (x, y, €, 7, u). (2.4) 
Cc 


u=p—l 
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The following formula is also required [see, for example, (11.7) of (2)]: 
G(xo, Yo: é, 1; A) 
saab [| (1 "Oe —log— P\ sate, y)—A}G(a, y, E, n, A)r drdO+- 
2a \2 R r| . ; 


~ « 
rs 


+x | [ Ge.uénardrde, (2.5) 
wR J J 
r<R 
where r = ./{(v—2»)*+(y—yo)"}, R < v{(E—2)? +(n—Yo)*}, and A is any 
complex number. 
Write z in place of A in (2.5), divide the resulting equation by z—A, 
and integrate round C. Thus 
[ emt k 2) 
z—A 


1 ] 2 R G rr 
= ch} 3 (! — ja) 8 hia 0a} | —E.¥. 8,03) axl drdé — 


~ae || (1 —j)—6 [ G(x, y, €, 0,2) der dra -- 


r<R 
C 
#(x, ¥.8, G(x, y, €, 0,2) | 9 
+ ah {- dejr dd (2.6) 


r<R \. 
For ‘almost all’ contours C, each term on the right-hand side of this 


Cc 


equation exists as an absolutely convergent integral, and the inversions 
are permissible by (12.4) of (2). 

Divide both sides of (2.6) by 27i and subtract the resulting equation 
from (2.5). Then, by (2.3) and (2.4), 
u=p+l 


[ dH (2, Yo, €, 9, U) 
u—A 





u=p-l 


=x] ] (5(1— — jn) — oe = lta. y)—A} x 


r<R 
+1 


u=p 
x| | dH (zy. 8, para 
=p- 
+ 





u—aA 
I 


— II (1-j2)—l0e* ;| q die. ” whearaa + 


r<R u=p-—l 


we nat 
+Jm || | Heya, drdé. 
> et 


r<R ‘u=p-l 


u= 
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Making / > 0 in this equation, we see that the saltus ¢ may be written 
in place of G and yp in place of A in (2.5). By a well-known method [see, 
for example, 11 (i) of (2)] it can then be shown that ¢ satisfies (1.1) with 
A= yp. 


3. Let A and A’ be two complex numbers and let h = h(x, y) be any 
function of Z*. Consider the integral equation 


f(x,y) — h(a, y)+-(A’ —A) (x, y, A’, f), (3.1) 
where D(z, y,r’,f) = — | | G(x, y, €, 9, A’) f(E, n) d&dy. 


By the well-known method of successive approximation it can be 
shown that (3.1) has an L?-solution f = f(x,y) provided that 
|A—A’| < |imd’. 
Thus, let f, = h and 
fnsy = h+(A'—A)O(z, y,A',f,) (nr = 1, 2,...). (3.2) 
From the integral inequality for the ®-function, [see (14.2) of (2)], each 
f, is L? and 


f f Sasa Sal? dandy < Foal { { Fn Saal? dandy. 


—-o -<« —-o -—-@ 





Iterating this inequality, we see that 


« @ 


[ ( lfn+t —f,\* dady << A2k2", 


—-o —@ 


where A is independent of n and 











r’—A 
1 
im)’ 
Thus, by Minkowski’s inequality, 
, @ m—1 a 
( j lIu— n # dady)? < Z ( ff I wot f,* dy) 
<A'S 


—> 0, 


as m and n tend to infinity. Thus, as n > 00, f, tends in mean square 
to a function f of L*. By (3.2), f, also tends to a limit which may be 
taken to be equal to the mean-square limit everywhere; (3.1) follows by 
making n —> 0 in (3.2). 





7 


atl 
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Suppose that / is an L*-solution of (1.1) when A = A’. Then 


(ats re q(x; w)f= (ata = tA—q(z, w)h+ 


+O (Zt Zot d—ale,9)) OOS) 


= (V—A{—h+f+A—N)OW,f)} 

= 0, 
by (3.1) and the differential equation satisfied by the ®-function [see 
(14.3) of (2)]. The result shows that, if (1.1) has an Z?-solution when 
A = X’, then it has an L*-solution for any A lying inside the circle with 
centre 4’ and radius |imA’|. By proceeding from one circle to another, 
we obtain yet another proof of the invariance property for the non- 
uniqueness of Green’s function. The difference between this method 
and the two earlier proofs given in (1) is that here we proceed by actually 
constructing L*-solutions. 


4. Having shown the existence of a solution of (3.1) we can now 
prove the following result: 


THEOREM 2. Let Green’s function be not unique. Let yu (real) be a point 
lying inside an open interval throughout which H = H(u) is constant. 
Then (1.1) with A = p has an L?-solution. 


Let A’ be a complex number tending to ». The argument used in § 6 
of (1) holds also for the case when Green’s function is not unique. Hence, 
by proceeding along lines similar to those used in § 7 of the same paper, 
we deduce that ®(z,y,A’,f) may be continued analytically across the 
real A’-axis in the neighbourhood of yu. Also, as A’ > p, 

(ff i@enxprrdedy)! < af ff iftdedy)*, (4 
where « is a fixed number independent of 4’ and f but depending on p. 

Let A = w+ and A’ = p+7/2x, where 0 < v < 1/2«. Let h be an 
L?-solution of (1.1) with A = 2’, and f be an L?-solution of (3.1). By 
(3.1) and (4.1), 

- Bo ae oe - 223° } 
J | ifPdady)?<( | | \aPdedy)’+5 [| if? dedy)’, 
[ [ \f\? dady <4 | | |h|? dady. 


—oO —o —-o —-@ 
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Hence, as v > 0, f is weakly compact and has a weak limit, say ¢, as v 
approaches 0 through a certain sequence of values. By (3.1), f tends 
to a limit in the ordinary sense. This ordinary limit must be equal to 
the weak limit almost everywhere and, since ¢ has so far only been 
defined almost everywhere, may be taken equal to ¢ everywhere. 
Making v > 0 in (3.1), we thus get 


b = h+(A’—p) (x, y,X’, 9); 
and, by proceeding as in the last section, it follows that ¢ is the required 
L?-solution. 


5. If q(x, y) is a function of r = ,/(x*+-y?) only, then there is a more 
precise classification of the L*-solutions of (1.1) for reai values of A. 


THEOREM 3. Let q(x,y) = q(r), where r = ./(x*+-y*), give rise to a 
Green’s function which is not unique; so that, for every comple: value of A, 
the partial differential equation 

ad & 

eR, I im thy 0 A—a(r)'d = 0 5.1 

oat aye tt q(r)} (5.1) 
has an L*-solution ¢ = ¢(x,y). Then (5.1) has an L*-solution for every 
real value of X. 


The converse of the theorem follows from results given in (1). 
Let in 
¢,(r) = [ ¢(rcos 6, rsin Ae”? d@ (n= 0, +1, +2....). 


é 
Then [ rid,(r)|2dr <2 [ | |d(x,y)|*dady < o, 
0 —wo —o 


and every ¢,,(r) is not identically zero. Thus 
w,(r) = r'9,(r) 


is L*(0, 00), and (5.1) reduces to the set of ordinary differential equations 





en rat) — Alar =0 (n= 0, +1, +2,...). (5.2) 
in 


Reversing the procedure, if w,,(r) is an L*(0, 00) solution of (5.2), we have 
(x,y) = r-tw,(r)ein? 


as an L*-solution of (5.1). 
It is easily seen that (5.2) has one, and only one, solution which is 





_—. 2 


~~  . 


fet 


» 
: 

‘. 
> 
5 
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O(r?), as r> 0. The theorem will therefore follow if g(r) gives rise to a 
Green’s function which is not unique for the problem given by 


SH) + AQ—gir)lr) = 0 (0<r <x), (5.3) 


ie. if g(r) gives Weyl’s limit-circle case at r = 00. For, if this be the 
case, every solution of (5.3) is L? at r = 00 (A real or complex), and, by 
a well-known result [see references (1) and (9) quoted in (1)], the same 
result holds for (5.2). 

On the contrary suppose that g(r) gives Weyl’s limit-point case at 
r = ©; ie. Green’s function is unique for g(r) and a one-dimensional 
interval 0 << a<r< oo. Then, whenever Green’s function is unique, 
we have a corresponding Green’s formula [see Theorem 2 in (1)] given 
in this case by 


{a0r)— Fa} 0) 909 {ar —F\ 00] dr = flag" @)—F wate), 


where f and {q(r)—d?/dr*} f, etc., are all L?(a,00). Now for a given com- 
plex A there is at least one integer n = n(A) such that w,(r) 4 0. 
Putting f = g = w,, we obtain, on using (5.2), 


n(n ste ste an()— on(r)A—" FH ace) a 


= w,(a)w;,(a)—w},(a)w,(a) 


= a{¢,,(a)$n(a)—¢;,(2)bn(a)}- 
When a > 0, it follows that 


(A—A) | Jw,(r)|? dr = 0, 
0 


which is a contradiction. 
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SINGULAR SYSTEMS OF TWO 
DIFFERENTIAL EQUATIONS 


By D. H. PARSONS (Reading) 
[Received 4 June 1956] 


A sysTEM of n partial differential equations of the first order, with two 
independent variables x and y, and n dependent variables, is said to be 
singular if the characteristic determinant is identically zero for all values 
of dy/dx.+ In such a system, every curve in the (x, y)-plane is in a sense 
a characteristic, and the usual existence theorem cannot be applied: for 
the dependent variables cannot be specified arbitrarily along any curve. 
Such systems occur in differential geometry, and in applied mathematics; 
but hitherto, no general existence theorem has been established. Indeed, 
particular examples admit general integrals of widely differing types, so 
that the difficulty of treating singular systems generally is considerable. 
In the present paper, I shall deal with the simplest case, that of singular 
systems of two equations only. I shall show that every singular system 
of two partial differential equations of the first order, with two inde- 
pendent and two dependent variables, is necessarily a linear system. 
I shall also investigate the integrals of such a system. 
Consider the system 


F,(&, Y, 25 22) Pr» Pa» Ty V2) = 9, F(X, Y, 2522 Pry Po WI2) = 9 (1) 


(p; = 02,/@x, q; = O2z,/@y; i = 1, 2) where, by the hypothesis that the 
system is singular, 


OF dy 9 ae OF ay Mige 

Pr oq) Ops Os ~ (2) 
| ‘ert 1 
OF say OF gs OF ay Fade 

Op, oq, Op, qe 


for all values of the ratio dy/dz, and for any set of values of the variables 
which satisfies the two equations. I shall suppose that F, = 0 and F, = 0 
are distinct analytic equations in the neighbourhood of a set of initial 
values which satisfies the equations: and we may further suppose the 
equations written in fully reduced form, so that they may be solved for 


+ E. Goursat, Legons sur I’ Intégration des Equations aux Derivées Partielles du 
Second Ordre, 2, Ch. X, 322 (Paris, 1898). 
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two of their arguments. This being so, it follows that any Jacobians 

which are zero for any set of values of the variables satisfying the system 

(1) are zero identically, and not as a consequence of equations (1). 
Now from (2) we see that 


FF) _ (FF) _ 9 
Op,, Ps) AN, q2) 





It follows that from the system (1) we may deduce an equivalent analytic 
system, of the form 


R(x, Y, 2,22, Py» Pa) = 0, K(2, Ys 21) 22» U1 J2) = 0. (3) 


We may suppose that not both of @h/ép,, h/@p., and not both of dk/éq,, 
6k/éqy are identically zero; for otherwise we should have an equation of 
the form x(2, Y, 24%) = 0. 
Then either we have a relation between x and y, which is impossible, or 
else we could solve for z,, say, in terms of z,, x, y. The problem would 
then be reduced, by substituting this value in the other equation, to 
that of a single equation with one dependent variable, a case which we 
discard. 

Suppose, therefore, that the first equation contains p,, so that, for 
general values of the variables satisfying the equation, 2h/@ép, ~ 0. We 
can thus solve for p,, so that this equation can be written 


Py t+ P(x, Y, 2; 22, Po) = 0. 


Then the second equation must contain g,. For suppose, if possible, that 
ek/éq, = 0, but @k/éq. # 0. Then, solved for q., the equation would be 


of the form ; 
qo Q(z, Y, 24; 29) = 0, 


and the determinant corresponding to that on the left of (2) is 
oP 
oP a | 

Ops = —dady # 0. 

0 —dx 


dy 


The system is then non-singular, contrary to hypothesis. We therefore 
have @k/ég, #0; and, choosing values of the variables for which 
ok/éq, ~ 0, we can solve the second equation for g,, and the system 
becomes 


Py t+ P(X, Y, 2%; 2 Pa) = 0, L+Q(2, Y; 2,22 I2) = 9. 
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The condition corresponding to (2) is now IS 
| dy = P <i 
Pa (- 9) aedy = 0, | 
| dx — 4 Pa 4 
O92 : 
and we therefore have a = a 
Op, 2 
But P does not contain q,, and Q does not contain p,; therefore 
oP _ @ 
= B,(z, y, 24,2)» 
op, ~ 8a Y> 2» 2g) 


and, on integration, 


P= Byp,+G, Q = B,q.+D,, 
B,, CG, D, being functions of x, y, z,, z.. The system of equations is thus 
the linear system, 


Pi t+ By p.+C, = 0, ar = 0. 


_— 
Lae) 
_s 
ie 3] 
= 
° 
ae 
a 
> 

.F 
5 
o 
= 
~ 
= 
& 
= 
Sy 
s 
a 
Il 
S 
a 
—] 
co 
& 
= 
> 
4) 
i) 
Hh | 
S 
= 
o 
- 
3 
f%) 
co 
cot 
= 
@® 
se 


reasoning with p, ary Pa Th and qo permuted, hence showing that 
ék/éq, # 9. The condition (2) now becomes 


Pi ~~ 
- | on. a 
Pe | = SS ayde i 
a* ~ ae Pa Os 4 
| Oy 2 





and therefore ék/éqg, = 0. The equations then do not contain p, or q,, 
and can be solved for p, and qo. 
We therefore see that, in every case, the given system is of the form 


Ap,+Bp,+C=0, Aq,+Bq,+D = 9, (4) 
where A, B, C, D are functions of x, y, z,, 22, and A, B are not both 
identically zero: and, conversely, we see at once that every system of Wy 
this form satisfies the condition (2). This is the first of the required ; 


results. 
To investigate the integrals of the system (4), we first observe, multi- 
plying the first by dx, the second by dy, and adding, that every integral 


of (4) satisfies the equation r 
A dz,+Bdz,+C dx+D dy = 0; (5) ‘ 

and, conversely, every integral of (5) which does not involve any - 
relationship between x and y is an integral of the system (4). There = 
3695 .2.7 U .- 





290 D. H. PARSONS 


are now several possibilities. The equation (5), an equation of Pfaff in 
four variables, x, y, z,, Z2, can be of class 3 or of class 1. If it be of class 1, 
we can, by a change of variables, reduce it to the form 


du = 0, (6) 
where w is a function of x, y, z,, 2. The general integral of (6) is 
w= C, (7) 


where C is an arbitrary constant. Since A, B are not both identically 
zero, it follows that @u/éz,, u/éz, are not both identically zero, say 
éu/éz, # 0. Then, choosing a value of C such that, for a set of values 
of the variables satisfying the equation u = C, éu/éz, + 0, we may take 
2, to be an arbitrary function of x and y and solve (7) for z,. The general 
integral of the system (4) then contains one arbitrary function (z,) and 
one arbitrary constant. 

If, on the other hand, (5) is of class 3 (which is the general case), we 
can make a change of variables, which reduces (5) to the canonical form 


du—vdw = 0, (8) 


in which the fourth variable does not appear. The general two- 
dimensional integral of (8) is 


u = f(w), v= f'(w), (9) 
where f is an arbitrary function of w. The equation (8) also admits the 
two-dimensional integral 


% = 4a, w= b, (10) 


where a and 6 are arbitrary constants. 

Now, if the equations (9), or the equations (10), can be solved for z, 
and z,, we have an integral of the system (4), the integral (9) containing 
an arbitrary function and its derivative, and the integral (10) two arbi- 
trary constants. But, if we can eliminate z, and z, either between the 
equations (9) or the equations (10), obtaining a relationship between x 
and y, the system (9), or (10) as the case may be, though giving an 
integral of (5), does not give an integral of (4) in the proper sense. We 
can solve (9) for z, and z, if 


oHu—f(w), v—f'(w)} os 0, 


O(2,, 29) 





O(u, v) 
O(2;, 22) 


+ f'(w) 2) 4 (0) 


8(2,, 22) 


O(w, uv) 


0 
lea.2) * 
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We can also solve (10) for z, and z, if 


a(w, u) 


(2, 22) 





It follows therefore (except perhaps for exceptional values of the 
variables) that, if any two of u, v, w are distinct functions of z, and z, 
when x and y are regarded as constants, then, for general forms of the 
function f, we can solve the equations (9) for z, and z,, and the given 
system (4) admits a general integral, containing an arbitrary function 
of one variable and its derivative, this integral being »epresented by 
(9) in which we express u, v, w in terms of x, y, 2, Zo. 

If, in addition, w and wu are distinct functions of z, and z,, so that, 
for general values of the variables, @(w, u)/@(z,,z_) + 0, the given system 
(4) also admits the integral represented by (10), containing two arbitrary 
constants, which is not included in the general integral. 


O(v,w) O(w,u)  O(u,v) _ 0 
a _— — =—= Vy 
O(2,2%) (2,2) (24, 2g) 


But, if 








then for all forms of f(w), the integral (9) involves a relationship between 
x and y, and the same is true of (10). The given system (4) then admits 
no integrals of this kind. For example, the system 


Pit+P2 = Y; Utd = 9, 
which is obviously inconsistent, leads to an equation of Pfaff 


d(z,+2,)—ydx = 0 


whose integrals are 
z+2,.=f(z), y=f'(z), and z=a, 24+2,=). 


It should be noticed that the given system may also admit certain 
exceptional integrals which are not included in the general integral (9), or 
in the integral (10): for the equation (5) may admit singular integrals, 
which are not obtained by the reduction to canonical formt, and one or 
more of these integrals may provide an integral of the system (4). These 
integrals are, however, found in advance by algebraic calculations only. 
Again, it is evident that, if the four equations A = B= C= D=0 
be consistent and admit a common solution for z, and z, in terms of x 
and y, we once more have a singular integral of the given system (4). 


+ E. Goursat, Legons sur le Probléme de Pfaff, Ch. TV, § 47, 186-90 (Paris, 1922). 





as 








292 SINGULAR SYSTEMS OF TWO DIFFERENTIAL EQUATIONS 


Example 
1 ay(st-+2}) 2 2ef y(t +2} = 0, 


Om py (28-23 St —2y(l— —2x?(z?+-23)} = 0. 


Here the equation corresponding to (5) is 
dz,—axy(z3+2§) dz, —2a{1—y?(z?+-23)} dx —2y{1—2x?(z?+-23)} dy = 0, 
which we write in the canonical form 
d{z,—(a*+y*)}—ay(zi +2) d{z,—2xy} = 0. 
The — integral is represented by the equations 
—(x?+y*) = flz_—22y), ey (2 +28) = f(z. —22y), 

which, fo for general forms of the arbitrary function f, can be solved for 
z,andz,. Wealso have the integral 

Zz, = a+2*+y%, 2, = b+2xy, 


where a and 3 are arbitrary constants. 








A NOTE ON BORSUK’S ANTIPODAL-POINT 
THEOREM 


By M. W. DAVIES (Ozford) 


[Received 21 July 1956] 


1. Introduction 
BorsvkK in his paper ‘Drei Sitze iiber die n-dimensionale euklidische 
Sphire’ (2) proves the theorem: 


THEOREM |. Let p — p* be the continuous antipodal involution z > —z 
on the n-sphere S"; then every map f: S" > S" which is antipodal, i.e. 
S(p*) = Uf(p)]*, has odd degree: in other words, the induced homology map 


fa: H,(S"; Z.) > H,(S"; Z,), 


where Z, is the group of integers (mod 2), is an epimorphism, and hence 


an isomorphism. 
Jaworowski (7) has generalized this by proving the theorem: 


THEOREM 2. Let M be a compact metric space such trat HM; Z,) = 0 
(i < n) and ¢ a continuous involution on M without fixed points. Then 
every mapping f: M > S” such that f{¢(x)} A f(x) for all xe M induces 
an epimorphism 
Se: H,(M; Z;) > H,,(S"; Z;). 

I prove Jaworowski’s theorem for a more general space M and mention 
some similar theorems for maps ¢ of order m. 


2. Main theorem 

We denote by H,(M;K) the group H,{K(G, 1); H,(M; K)}, the 0th 
homology group of a given group G@ with the local coefficient group 
H,(M;K). The meaning of this group will be explained later. 

All the results mentioned above are particular cases of the following 
general theorem: 


Quart. J. Math. Oxford (2), 7 (1956), 293-300. 
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THEOREM 3. Let L, M be arcwise connected Hausdorff spaces. Let G 
be a finite abelian group which operates, without fixed points, on L and M: 
that is to say, for each g € G, there are homeomorphisms 


g:X—>X (X= L,M) 


such that gx Ax ifg #1 («xe X). Moreover let H(X,K) = 0 fori<n 
and let K be an abelian coefficient group. Let f: L > M be a map which 
commutes with the operations of G, i.e. f{g(x)} = gi f(x)} (we L). Then 
the induced homology homomorphism 


Sx: H,(L, K) > H,(M, K) 


is an epimorphism if any one of the following conditions is satisfied: 

(a) Let X denote L or M, and let X’ be the space obtained from X by 
identifying x, gx for everyxe X,geG. Let p: L> L',q: M > M' be the 
identification maps. Then H,(M’'; K), H,(G,1;K) have the same order. 

(b) H,(M; K), H,,.,(G, 1; K) have the same order, and H,,,,(M’'; K) = 0. 


(c) H,,(M; K) Se H,(M'; K) maps to zero, where q, is induced by 
the identification map q mentioned in (a). 


Note that H,(L; K) is the factor group of H,(L; K) by the subgroup 


of elements of the form g, u—u, where u € H,(L; K) and 
9x: H,(L; K) > H,(L; K) 

is the automorphism induced by g ¢ G. Thus the projection 
a: H,(L; K) > H,(L; K) 


is an epimorphism. Hence, if f,: H,,(L; K) > H,(M; K) is an epimorph- 
ism, then the composite homomorphism 


fx: H,(L; K) > H,(M; K) 
is an epimorphism. Similarly, for cohomology 
H(L; K) = H%K(G,1);H"(L; K)}, 
which is a subgroup of H"(L;K). Thus the injection 
i:H"(L; K) > H"(L; K) 


is a monomorphism. I state the analogue of Theorem 3 for cohomology. 
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THEorEM 4. Let L, M be arcwise-connected Hausdorff spaces, G a finite 
abelian group operating, without fixed points, on L and M. Let 


Hi(L,K)=0,  H(M,K)=0 


for i <n and K an abelian coefficient group. Let f: L > M be a map 
which commutes with the operations of G. Then the induced cohomology 


homomorphism f*: H(M, K) > HL, K) 


is a monomorphism if any one of the following conditions is satisfied: 

(a) Let M’, L' be obtained as identification spaces exactly as for homology. 
Then H"(M', K), H"(G,1;K) have the same order. 

(b) H"(M; K), H"+(G, 1; K) have the same order, and H"+1(M’; K) = 0. 


* — 
(c) H"(M'; K) sae H"(M; K) maps to zero, where q* is induced by 
the identification map q. 
From a previous remark we see that the composite homomorphism 
if*: H"(M;K)—> H"(L;K) is a monomorphism when f* is a mono- 
morphism. 


3. Proof of the main theorem 

We first prove some preliminary results on fibre spaces. The term 
fibre spacéis here used in the sense of Serre (5). Consider a fibre space E 
with fibre F and base B, both arewise connected. Let H,(F;K) = 0 
(¢ < n) for a given coefficient group K, which I omit for the rest of this 
paragraph. There is a homology spectral sequence associated with this 
fibre space in which E}* ~ H,{B; H,(F)}, and the E24 give a composition 
series for H,,,,(Z). The H,(F) form a local coefficient system over B. 
Serre proves the exactness of the following sequence, assuming that the 
local coefficient system of the homology of the fibre over the base is 
trivial, 


H,,(F) > H,( 2) > H,,(B) > H,,_,(F) > ... > (2) > A,B). 


From his proof it is easy to see that, without any assumptions on the 
local coefficient system, the following sequence is exact 


HF) > H,(E) > H,,(B) > H,,_,(F) > ... > H,(£) > H,(B). 
Here H,(F) ~ HB; H,(F)}. 


Serre considers the £* in each dimension. When p+q < n, E}* = 0 
unless p or g = 0. Thus the only non-zero terms of the spectral sequence 





ee 
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in dimensions r < n are H,(B) and H,(F). The composition series for 
H,(£) is simply 0 c D"® c H,(E), where 
Dro = Ez? H,(E)/ ES ~ Bx?. 
Thus the following sequence is exact 
0 > E%" + HE) > EY° > 0. 
But Ee = EY /imd,,,, 
where d,,,: Eyt}® > Hor, andr <n. Thus 
H,,,(B) > H,(F) > H,(E) 
is exact. In the case r = n there are three non-zero terms of the spectral 
sequence in dimension r+1,namely E?+)}°, E}", H%"+1, However, again 
EY" = E}"/imd,,, and £2", = EQ", Hxt}.° — H+, Thus the above 
sequence (1) extends to 
H,,,,(B) > H,,(F) > H,(E) > .... 
The composition series for H, ,,(£) is 
0c D**+1c D+! c H,,,(£), 
where Dont ~ FAn+1 Dn+1.0/ Dont ~ Bin, 
and H,,4;(£)/D°+! =~ Eyt}, 
giving the exact sequence 
0 > D+10_, H) .,.(H) > Butt? 0. 

From this we see immediately the exactness of the sequence 

H,,,,(EZ) > Hy, 4,(B) > H,(F) > H,(2) > H,(B) > .... 


Thus Serre’s sequence has been extended by two terms. A precisely 
similar sequence and extension exist for cohomology 


H"+\(E) <— H™*+\(B) <— H"(F) << H™(E) < H"(B)<.... 


Let us consider the circumstances of Theorem 3. Identify the points of 
L, M respectively which are images under operations of G, giving 
identification space L’, M’ respectively and covering maps p: L > L’, 
q: M + M' as described above. G is the group of covering transforma- 
tions in each case. 

Now given a space X and covering space X with projection p and 
group 7 of covering transformations, we can construct a fibre space 
and hence a spectral sequence as follows [Serre, Adams (5), (1)]. Embed 
X in a space X* such that 


n~m(X*),  m(X*)=0 (q>)). 
Let X be the space of paths in X* starting in X; then X is a deformation 
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retract of X, and X is a fibre space over X* with fibre of the same singular 
homotopy type as X; m operates on H(X) by covering translations, 
giving the required local coefficient system. Thus there is a spectral 
sequence associated with this fibration whose second term is 
ER ~ H{K(x, 1); H,(X)}, 
and £4 gives a composition series for H,,,(X). 
Consider the spectral sequences associated with the coverings 
p: LoL’, q: M> M’. 
Since L, M are Hausdorff, these are regular coverings. In the first case 
Bye ~ H,{G,1; H(L)} 
and in the second case 
ER4 = HG, 1; H,(M)}. 
The map f: L — M induces a map of these spectral sequences, and, since 
HL) = 0, H(M)=0 (t(<n), 
the exact sequence and extension constructed above are valid. The 


following diagram is obviously commutative. As we have already 
remarked, the coefficient group is K throughout. 


Hy 43(L’) —> Hyaa(@, 1; K) —> H,(L) “*> H,(L’) —> H,(G, 1; K) > 0, 
Sd Ve | | “is 
y = n+1* a Ss \/* = ne 

H,, ,,(M’)— o+1(@, 1; 2) —> 8, (M)—> H,(M) —> (4,1; K) > 0. 


(2) 
(a) r, s are both epimorphisms, and s is in fact an isomorphism since 
H,,(M') and H,,(G,1; K) are of the same order. But i,,7 = sf,, and i,,7 
is an epimorphism ; therefore f, is an epimorphism. Since i,,,,, is an 
epimorphism and i,,, is a monomorphism, it follows from the exactness 
of the sequences that f, is an epimorphism. 
(b) Since H,,,,(M’) = 0, the homomorphism H,,,,(G, 1; K) > H,,(M) 
is a monomorphism, and, since both groups are of the same order, it is 
in fact an isomorphism. By commutativity, the composite 


A as(G, 1; K) = H,(L) os H,(M) 


is an isomorphism. Hence f, is an epimorphism. It is obvious that this 
condition implies condition (a). 
(c) This condition is obviously implied by (b) and is equivalent to (a). 
If the local coefficient-system formed by the homology of the fibre is 
trivial in the spectral sequence associated with M, H,(M) = H,(M). 




















c- 
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We have already observed that H,(L)—> H,(L) is an epimorphism. 
Hence f,: H,,(L) > H,,(M) is an epimorphism. 

The proof of Theorem 4 is precisely similar to the above proof and is 
easy to see from the cohomology diagram, which is as follows: 

A"+(L') — H"+(@,1; K) <— H(L) <— H"(L’) — H(G,1;K)<0 
| = [ite ee ye ale 
H™+\(M') — H"+(G,1;K) <— H"(M) < H"(M’) — H"(G,1;K) < 0. 
(3) 

4. Applications 

CoroLuary 1. Let L be an arcwise-connected Hausdorff space such that 
HL; Z,,) = 0 (i <n), where Z,, is the group of integers (modm). Let 
@: L>L, pb: S" +S" be maps such that 4”, &” (¢, & iterated r times) 
have no fixed points if 0 <r < mand g™ = 1, W™ = 1, where m > 2 
Let ys be orientation-preserving. Let f: L+>S" be a map such that 
fo(x) = of (x) for everyxe L. Then the induced homomorphism 


et 1,(L; Zn) > H,,(S"; Z,,) 
is an epimorphism. 

CoroLuary 2. Jf L is an arcwise-connected Hausdorff space such that 
HAL; &,) = 0 (i <n), and f, S", ¢, % are as in Corollary 1, then the 
induced SE sh 

f*: A"(S*; Zn! 7 AL; Zn) 


is a monomorphism. 


Here the group G operating on L, S" is Z,,. Identifying images under 
d, y respectively gives spectral sequences as before. Denote by Q" the 
identification space obtained from S”. Q*” is n-dimensional; hence 
H,,.,(Q"; Z,,) = 0. The diagram in this case is 


H, 


n+t(Zms 1; Zm) ae H,(L; Zn) 


a 
0 > Ayi3(Zmn> 1; Z_) > H,(S8"; Zm) 
Since ¢ is orientation-preserving, 
H,,(S"; Z,,) = H,(S"; Zm)- 
But H(8*; Z..) = H,,,,(Z,.,1; Z,,) = 2 
Hence condition (b) of Theorem 3 is satisfied. Thus 
Sa: H,(L; Z,) > H,(S"; Z,) 


m? 


is an epimorphism. 
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The proof of Corollary 2 is precisely similar to that of Corollary 1. 

CoroLLaRy 3 [cf. Jaworowski (7)]. Let L be an arcwise-connected 
Hausdorff space with H{L;Z,) = 0 (i <n). Let ¢ be a continuous in- 
volution on L. Let f: L > S" be a map such that f{d(x)} ~ f(x) for any 
xe L. Then the induced homology homomorphism 

Sx: H,(L; Z;) — H,(S8*; Z;) 
is an epimorphism. 

CoroLtuaRy 4. Jf L is an arcwise-connected Hausdorff space with 
H'(L; Z,) = 0(i < n)and 4, f are as above in Corollary 3, then the induced 
cohomology homomorphism 

f*: H"(S"; Z,) > H"(L; Z,) 
is a monomorphism. 

Following Jaworowski we may deform f to a map g: L > 8S” such 
that the map %: S" > S" induced by g from ¢ is in fact the antipodal 
map on S", i.e. g{¢(x)} = —g(x). This is done by putting 


g(x) =_— S(x)—fb(a)} : 

F(x)—f{G(x)}| 
for every xe L. Note that f(x), g(x) are not antipodal, so that f and g 
are homotopic. The proofs of Corollaries 3 and 4 are now exactly 
similar to those of Corollaries 1 and 2. Note that Z, operates trivially 
on H,(S™. 

From Corollary 3 we get at once a further generalization of another of 
Borsuk’s theorems mentioned by Jaworowski. I simply state the result. 


CoroLtuaRy 5. Let L, ¢ be as above in Corollary 1. Then for every 
map f of L into Euclidean n-space E”, there exists a fixed point xy € L; 
t.e. f{d(x)} = f (Xp). 

5. The relative case 

The main theorems may be generalized to a pair of spaces. We use 
the spectral sequence obtained as follows. Let (X,A) be a pair such 
that 7,(A) — 7,(X) is an epimorphism. Let X be a covering of X with 
group 7 of covering translations. Let A be the counter-image of A in Zz 
Since z,(A) > 7,(X) is an epimorphism, A is connected. Embed X in 
X* such that 


7,(X*) = a, m(X*)=90 (q> 1). 
Let X be the space of paths in X* starting in X, A the space of paths 
in X* starting in A. Then X is a deformation retract of X, and A of A. 
X is a fibre space over X* with fibre of the singular homotopy type of X; 
A isa fibre space over X* with fibre of the singular homotopy type of A. 
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7 operates on H(X, A) by covering translations, giving the required local 
coefficient system. Thus there is a spectral sequence whose second term 
” ER4 ~ H, fn, 1; H,(X, A)} 

and such that H2* gives a composition series for H, ,,(X, A). 

Now let L, M be arcwise-connected Hausdorff spaces, and let P c L, 
N cM be subspaces such that 7,(P) > 7,(LZ), 7,(N) > 7,(M) are epi- 
morphisms. Let f: (L, P) > (M,N) be a map, and let 

HL, P;K) = 0, H(M,N;K)=0 (¢<n). 
Let the abelian group G operate on (LZ, P) and on (M, N) without fixed 
points and such that its operations commute with f. 
THEOREM 5. The induced map 
fy: H,(L, P; K) > H,(M,N; K) 
is an epimorphism if any one of the following conditions is satisfied. 

(a) H,(M’, N’; K), H,(G, 1; K) are both of the same order, where (M’, N’) 
is obtained from (M,N) by identifying images under operations of G. 

(6) H,(M,N; 4K), H,.,(G, 1; K) have the same order, and 

H..(M’, N’, K) = 0. 


(c) H,(M,N; K) ay H,,(M’, N'; K) maps to zero, where q, is induced 
by the identification map mentioned in (a). 


The proof is obvious from the spectral sequence constructed above. 
There is a similar result for cohomology which is the exact analogue 
of Theorem 4. 


In conclusion, I should like to express my gratitude to Professor 
J. H. C. Whitehead for much valuable criticism and encouragement 


in the preparation of this note. 
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ON THE INTEGRABILITY OF A CLASS OF 
NON-OSCILLATORY DIFFERENTIAL 
EQUATIONS BY MEANS OF LAPLACE 

TRANSFORMS 


By A. WINTNER (Baltimore) 
[Received 7 August 1956] 


1, A FUNCTION g(t), given on an open half-line (¢°, 00), is called completely 
monotone on (¢°,00) if it possesses derivatives of arbitrarily high order 
satisfying (—1)"d"g(t)/dt" > 0 for n = 0, 1,... and for every ¢ on (#°, 00). 
This will be abbreviated by saying that g(t) is CM(t®). A theorem of 
Hausdorff and Bernstein states that g(t) is CM(t®) if and only if g(t) is 
representable on (f°, 00) in the form 
[ e* duis), (1) 
0 
where » is a non-decreasing function for which the integral (1) becomes 
convergent on (é°, 00). 

In (2) this theorem was applied in order to account for the existence 
of the Laplacean structure (1) (with non-negative ‘density’ du) [cf. (4)] 
of a class of transcendents, occurring in mathematical physics, which 
are defined by differential equations of the form 

x" +fit)e = 0. (2) 
In fact, it was shown in (2) that, if —f(t) is CM(0), then (2) possesses 
a solution «(t) which is representable on (0,00) in the form (1), where u 
is monotone, and that this solution x(t) of (2) is substantially unique. 
Here and in the sequel, only real-valued solutions x(t) distinct from the 
trivial solution x(t) = 0 are referred to as solutions of (2). It is also 
understood that two such solutions z(t) are substantially identical if one 
of them is a constant multiple of the other (correspondingly, the mono- 
tone » of (1) can be multiplied by any positive or negative constant). 

The simplest instance results if f(t-1) is any (rational or transcendental) 
entire function in ¢ having the property that a, < 0 holds for n = 0, 1.... 
in the expansion f(t) = > a,/t"; for then every term —a,/t" of —f(#), 
hence —/(é) itself, is CM(0). But not even in this simplest instance of 
the theorem is the » belonging to the solution (1) of (2) available explicitly, 
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except when the entire function f(¢-*) is a quadratic polynomial in ¢t. This 
exceptional case results from the circumstance that (2) is of the confluent 
hypergeometric type if a, = 0 for every n > 2. 


2. A theorem of quite a different type will be proved in what follows. 
On the one hand, not —/f(t), but f(¢) itself, will be assumed to be C_M(0). 
On the other hand, the Laplacean representation will refer to all, rather 
than (as in the preceding case) to a substantially unique, solution of (2). 
But, since every function (1), where » is monotone (and not a constant) 
is either positive or negative throughout, an additional condition will be 
needed since it will be necessary to assure that the solutions x(t) of (2) do 
not have zeros which cluster at ¢ = oo. 

In view of Sturm’s separation theorem, this condition is satisfied by 
every solution 2(¢) of (2) if it is satisfied by a single solution z(t). Hence 
the property in question, the so-called non-oscillatory character of (2), is 
a property of f(t) alone. According to Sturm’s comparison theorem, the 
case f = f, of (2) is non-oscillatory whenever the case f = f, of (2) is non- 
oscillatory for some f, satisfying f, < f, for all large ¢. Since x” = 0, the 
case f = 0 of (2), is non-oscillatory, it follows that (2) is non-oscillatory 
if f(t) < 0, and so in particular if —f(t) is CM(0). This is the reason why 
in the theorem quoted in § 1 it was not necessary to make the non- 
oscillatory character of (2) an additional assumption. That the non- 
oscillatory character of (2) can be realized when f(t) itself is C_(0) (hence, 
in particular, if f(¢) > 0), is shown by the example f(t) = c/t*, where 
0<c<}. If this example, which will be discussed in a moment, is 
combined with Sturm’s comparison theorem, it follows that all con- 
ditions to be required of f(t) are satisfied if f(t) is CM(0) and 4#f(t) < 1 
holds on (0,00). 

The general theorem, to be proved in §§ 3-4 and to be applied to par- 
ticular cases in § 5, is as follows: 


Let f(t) be CM(0) (hence f(t) > 0), and let (2) be non-oscillatory. If x(t) 
is any (real-valued, non-trivial) solution of (2) on (0,00), let tj = 0 or 
0 < ty < waccording as x(t) does not or does have at least one zero on (0, 00), 
and let t, be the last zero of a(t) in the second case. Then the function 

y(t) = 1/x(t) (3) 
is representable on (ty, 00) in the form (1), where p(s) is monotone (and such 
as to render the integral (1) convergent for every t > ty). 


It is understood that p(s) is non-decreasing or non-increasing through- 
out according as 2(t) > 0 or a(t) < 0 on (tg, 00), and that (s)—.(0), when 
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normalized by u(s+-0).= p(s) for 0 < s < 0, is uniquely determined by 
the (arbitrary) solution x(t) of (2). : 

As an illustration, choose f(t) = c/t?, where c is a constant. Then f(t) 
is CM(0) if 0 < c, and (2) is non-oscillatory if 0 < ¢ < }(A. Kneser). In 
fact, if x(t) = t, where b = O(c), is tried for the case f = c/t? of (2), there 
results for b the equation b(b—1)+c = 0. Since the latter has real roots 
(and x(t) = ¢° is, therefore, positive for allt > 0) if 0 < c < }, the asser- 
tion follows. Since the roots 6 cover the interval 0 < 6 < 1 when 
0 <c < }, the theorem to be proved is illustrated by the fact that the 
function x(t) = 1/t is CM(0) for arbitrarily small values of « > 0. 
Since not only ¢ but also ¢# log t is a solution if c = }, it also follows that, 
if a is constant, then t-*/(a+logt) or t-4(1+alogt) is CM(t,) whenever 
it is positive on (t),00). Corresponding results follow by taking linear 
combinations of two solutions of (2) in the general case. 

3. The proof of the italicized theorem proceeds as follows. 

Since — x(t) is a solution of (2) if z(t) is, and since (2) is non-oscillatory, 
it can be assumed that a(t) > 0 holds on (f),00), where t, > 0. In view 
of (3), this means that if m = 0, then it is true that 

(—1)"d"y(t)/dt" > 0 on (tp, 00). (4,,) 
What is at stake is the truth of (4,,) for every n. In fact, the proof of the 
theorem can then be concluded by an appeal to the Hausdorff—Bernstein 
theorem. ~ 

First, since f(t) is. CM(0) and hence CM (t,), not only x(t) > 0 but also 
f(t) > 0 holds on (¢),00). It follows therefore from (2) that x"(t) < 0 on 
(t),00). This means that, over the entire half-line (é),00), the graph of 
x = x(t) > 0 turns its concavity toward the t-axis (with the under- 
standing that the graph might contain straight segments). Clearly, this 
is possible only if z’(t) > 0on (tj, 00). This, when combined with x(t) > 0, 
means that, if r(#) denotes the logarithmic derivative 

r(t) = x’ (t)/x(t) (5) 
(which exists on (f),00), since x(t) does not vanish there), then r(t) > 0 
on (t), 00). 

Next, division of (2) by x(t) shows that (5) is a solution of Riccati’s 

differential equation r+retf(t) = 0 (6) 


on (f),00). But, since f(t) > 0, it is clear from (6) that r’(#) < 0 on (tg, 00). 

Finally, since (—1)"d"f(t)/dt" > 0 is assumed for n = 0, 1,... on (0,00), 
and therefore on (¢,,00), and since r(#) > 0 and r’(t) < 0 on (tj, 00), suc- 
cessive differentiations of (6), when combined with an induction, show 
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that (—1)"d"r(t)/dt” > 0 holds on (¢),00) not only for n = 0 and n =1 
but for n = 2, 3,... also [ef. (3), 591]. Accordingly, r(t) is CM(t,). 


4. It will now be shown that (4,), as it stands, is true for every n 
because (4,) becomes true for every n if y(t) is replaced by r(¢) (and 
because (4)), as it stands, is true). This will complete the proof of the 
theorem. The proof will depend on an induction having the type of a 
Euclidean algorithm. 

The algorithm in question is the recursion formula 


t(t)In silt) = r(t)gn(t)—gnl(t) (7) 
on (,00), with g(t) = 1. (8) 


Since sums and products of functions which are C M(t.) are CM(t,), and 
since —g’(t) is CM(t,) if g(t) is, it is clear from (7) that g,,,,(¢) is CM (ty) 
if g,,(t) is. It follows therefore from (8) that every g,,(t) is CM(t,). 

In particular, both g,,(¢) and —g/,(t) are non-negative on (t),00). Since 
the same is true of r(¢) and 2(¢), it follows from (7) that g,,,,(¢) > 0 holds 
on (t),00) for n+1 > 1 and, in view of (8), for n+ 1 = 0 also. Hence, in 
order to complete the proof of (4,,) for every n, it is sufficient to verify 
that, om (fo), (_aynd*y(ty/de" = g,(t)/2(t), (9,.) 
since 2(t) > 0. 

To this end, define g,(t), g,(¢),... on (t),00) by (9,,), rather than by 
(7) and (8). Since (3) shows that (9,,) reduces to (8) ifn = 0, the identity 
of the two definitions of g,,(¢) will follow if it is verified that (7) is implied 
by (9,,) and (9,,,,). But, if (9,,) is differentiated and the result is compared 
with (9,,,,), it is seen that g,,,,(¢) is identical with the derivative of 
—Jnai(t)/x(t). Accordingly 


In+1 ay —(9,2—Jp, x’)/x* (10) 
on (f),00), where x > 0. Since (10) and (5) imply (7), the proof of the 
italicized theorem is now complete. 

5. Two applications, («) and (8), of the theorem will now be given. 


(x) The theorem is applicable whenever the coefficient function of 
(2) is of the form “ 


f(t) = | e-*p(s) ds (11) 


0 


if p(s) is any function satisfying the following three conditions: p(s) is 
(a) integrable on every finite s-interval, (b) non-negative throughout, 
and (c) not greater than js. 
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In fact, since (c) implies that p(s) = O(s) as s > 00, it is clear from 
(a) and (b) that (11) represents a completely monotone function S(t) on 
the half-line (0,00). Hence (a) follows if it is ascertained that (2) is non- 
oscillatory. In view of the second paragraph of § 2, this condition is 
certainly satisfied if 4#2f(t) < 1 (actually, this is not needed on the whole 
of (0,00), but only for large ¢t). Finally, this inequality, and even 
4f(t) < t-*, follows from (c) since the integral (11) becomes the function 
t-* if p(s) = sandt > 0. This proves (a). 

(8) Let a function F(z) = b)+6,z+.. be regular in a sufficiently small 
circle about z = 0, suppose that b,, > 0 for every m and that 5, = 0, 
b, = 0, and b, < }, and define f(t), for large positive t, by placing 
S(t) = F(z"). Then (2) has the following property: corresponding to 
every solution x(t) (which is real-valued and distinct from the trivial solution 
a(t) = 0), there exist a sufficiently large t, and a monotone function (8) 
having the property that 1/x(t) is representable on the half-line (t), 00) in the 
form (1). 

In order to prove (8), note that, since 

f(t) = 2 bait (12) 
for large t, it follows from b, < } that limsup 4¢?f(t) < 1, where t > oo. 
Hence (2) is non-oscillatory on (7',00) if 7’ > 0 is large enough. On the 
other hand, since 6,, > 0, the function (12) is CM(T7) (here 7 is chosen 
so large that F(z) is regular for |z| < 1/7’). This proves (f) since it is 
clear that the general italicized theorem remains true if ¢ = 0 is re- 
placed by any ¢ = T. 

Since the particular case (8) of the general theorem seems to be a 
substantially formal statement, it could perhaps be verified directly, 
that is, by a comparison of like powers of 1/¢ [in this connexion, cf., 
e.g. (1), 309-24]. But I did not succeed with such a straightforward 
proof of (8). 
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ON THE EXTENSION OF A THEOREM OF 
ATKINSON’S 


By JOHN JONES, Jr. (University of Tennessee) 
[Received 11 September 1956] 


F. V. ArKrnson (1) considered the non-linear differential equation 
” 2n— 

y"+f(x)y"* = 0 (1) 
and obtained a necessary and sufficient condition that all solutions be 
oscillatory, where » is a positive integer not less than 2, f(x) a positive 
real-valued continuous function of a real variable x for non-negative 2. 
An oscillatory solution is a non-identically zero solution which possesses 
an infinite number of zeros for x > 0. The purpose of this paper is to 


obtain a necessary and sufficient condition for the oscillation of all 
solutions of the equation 


y" + > filzdy' = 0 2) 


by use of a similar method. Equations of this type arise in astrophysics 
and special cases have been studied by R. H. Fowler (2). Only real 
non-identically zero solutions will be considered. C. T. Taam (3), (4) 
has shown that, if f;(z) are ZL-integrable in [a,0o) (i = 1, 2,..., m), 
f(x) >m > 0 in [a,oo), then every solution y(x) of (2) is bounded in 
[@, 00). 

We have the following results. 

THEOREM. Let f;(x) be non-negative and continuous for x > 0 on [a, 00) 


(i = 2, 3,..., ), f(x) > 0 for some index k, and f;(x) be L-integrable in 
[a,00), then all solutions of (1.2) are oscillatory if and only if 


{ = x f(x) dx = a. (3) 
oo 


No solution y(z) of (2) becomes infinite for any positive finite value 
of x. Let y(x) be a non-oscillatory solution of (2); then we have to 
show that (3) cannot hold. Since, by assumption, y(z) can have only 
a finite number of zeros for x > 0, y(x) will be either positive or negative 
for x >a, where a is some non-negative real number. Let us assume 
y(x) to be positive for x >a. Now from (2) it is seen that y’(x) << 0 
forx >a. Thus y’(x) will tend to a positive limit, to zero, to a negative 
Quart. J. Math. Oxford (2), 7 (1956), 306-9. 
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limit, or to —oo for increasing values of x >a. But y'(x) cannot tend 
to a negative limit or to —oo since that would imply that y is ultimately 
negative ; so y(x) must be a monotone increasing function of x for x > a, 
and y'(x) tends to a finite non-negative limit. 

Upon integrating (2) over the interval (0, x) we obtain the equation 


y'(«x)— yio+] S faloy i(t) dt = 0. (4) 


Since y’(x) tends to a finite limit as x -> oo, the integral in (4) converges 
as «> oo. Hence integrating (2) over the interval (x, 00) we get 


_FilOy ‘(t) dt = (5) 


1 he. 


y'(0)—y'( +f 
< 


Now y’(co) > 0, and so 


« 


| Sf yi(t)d (6) 





y’ x) ~ 
¥y - 


But y(x) > 0 for x >a; thus ainda (6) over the interval (a, 2) 
we have, for x >a, 


y(x)=-y(a) > 


— 


ff 5 SAt)y*(t) dtdu 


i=2 


filt)y"(t) dt. (7) 


ime 


i 


== | (ta) ¥ fly(e dt +(x—a) | 


From (7) we have 


x 


x) >| (a) ¥ faye dt, (8) 
i.e. ula) f ( (t—a) Da fdt)y() d \ > 1. (8)’ 
Since >) fi(dy' (0) > f(y) > 0, 

i=: 


then raising both sides of (8)’ to the jth power and summing on j from 


2 to n we have 


Ul 


E [eo E peowo| f (t—a) S fanyey at] ” > Stasi). (9) 
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Integrating (9) over any interval (x,,x,) such that a < 2, < 2, we have 
sire z. 


n s n 1- 207 
S07 i} (a) $ fany'(o at] > J 2—arnie dt. (20) 


a 1 


Let 2, — 00; then the left-hand side of (10) tends to a finite limit. This 
implies that the integral on the right of (10) is bounded, and so 


f 2 rhlx) dz < 0. (11) 
3 is 
Hence (3) is sufficient. 

Next to establish the necessity. Let us assume that (11) holds and 
then show that there exists a non-oscillatory solution y(x) of (2). For 
any prescribed value of (00), for example 1, there exists a solution of 
(2) such that y(oo) = 1 and y'(co) = 0. This solution is not oscillatory. 
If the integral equation 


y(x) = 1 — | (2) > fantyio}! dt 


has a solution y(z) which is continuous and uniformly bounded as x00, 
then it is also a solution of (2) with conditions y(co) = 1 and y’(co) = 0. 
I shall use Picard’s method of successive approximations to establish 
the existence of a bounded continuous solution of (2). Let {y,,(x)} 
(m = 0, 1, 2,...) for x > 0 be a sequence of functions such that 


Yal®) =, Ymer(2) =1—f (2) ¥ f(OfYa(O} dt. (13) 
If x is so large that ‘ 


3) 


f (t—2x) > fat dt<1 (14) 


=z 


and if (11) holds, then by induction it can be shown that 


0 <yn(z) <1 (m 
Now 


Yn+a(®)—Ymsa(z) = | (t—2) & flO m0} mesa} dt, 


and, for sufficiently large x, we have 


Ym s2(®) Ysa) < {max \Ym(t)—Ymar(t)l} f (¢—2) ¥ fle) a 
2xr 0 = 
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and the convergence of the sequence {y,,(x)} (m= 0, 1, 2,...) for z 
sufficiently large so that 


n f (2) S fat dt <1. (18) 


The continuity of the limiting function can also be established. Thus 
the assumption that (11) holds implies the existence of a non-oscillatory 
solution of (2) and hence (3) is necessary. 
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ON THE UPPER AND LOWER LIMITING POINTS 
OF THE SPECTRUM OF A PARTIAL 
DIFFERENTIAL EQUATION 


By A. I. MARTIN (Derby) 


[Received 21 September 1956] 


1. THE spectrum of a differential equation 


a2 O24 
HEY) | OMY) | a(x, y)}b(e,y) = 0, (1.1) 


ea? ey 
where q(x, y) is a continuous function, A a variable parameter, and x, y 
vary over the whole plane, may be regarded as being defined by the 
various terms which occur in the corresponding expansion, or Parseval 
formula. More precisely, if G(x, y,&,,A) is Green’s function for the 


problem, and if 
B 


H(x,y,&,,) = lim ( im G(x, y, €,n, u+%8) du, 
5-0 5 

then a point » lying on the real axis does not belong to the spectrum 
if it lies inside an open interval throughout which H = H(,) is constant. 
All other points on the real axis are said to form the spectrum of (1.1) and 
the whole plane. The spectrum need not be unique if Green’s function 
is not unique. : 

For any f = f(x, y) which is L* over the whole plane, it has been shown 
in (1) that 


Jfu) =~ | [ [ A(x, y, nef (a wf(é n) dxdydgdn 


* * - 
—-©2 -—-O© —-D© —@ 


exists and is a non-decreasing function of », and that the Parseval 
formula is given by 


@ 8) 


[ [s2axdy = I(f,20)—JI(f, —0). 


. 


—-o —oO 


A related formula has also been obtained by considering the integral 
a) co of . af . ; 
D(f) = =) f=) + dxdy. 1.3 
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The result is that, under more restrictive conditions, 


Df) = [ead(fn). (1.4) 


For example, conditions sufficient for (1.4) to held are that f should 
satisfy the same conditions as are required in the expansion formula, 
and that each term in the integrand on the right-hand side of (1.3) should 
be separately integrable over the whole plane. 

In the case of an ordinary differential equation, many results are 
already known about the nature of the spectrum. For instance, if Green’s 
function is unique (Weyl’s limit-point case), the upper limiting point of 
the spectrum is -++-0o, and the lower limiting point lies between the upper 
and lower limits of the function q at infinity. Here I shall derive corre- 
sponding results for (1.1) and the whole plane. 


2. Suppose that the spectrum is bounded above. Then by a simple 
translation of the real A-axis we may suppose that the spectrum lies 
wholly to the left of the origin. Thus, J(f,) is constant for » > 0, and 
(1.4) gives D(f) < 0. 

If g takes positive values somewhere, then clearly we may choose a 
function f satisfying the conditions for which (1.4) holds and such 
that D(f)<> 0. This is a contradiction. 

If g < 0 everywhere, then we consider the function given by 


f = (R?—2?—y?)§ inside the circle x?+-y? = R?, 
f = 0 outside this circle. 

This function satisfies the conditions for which (1.4) holds. Hence 

| J + sf "\ dxdy < | [ (—q)f* dxdy 

J J \\ea} * \ey) J z= 

< QR) | | stadvay, 

where Q(R) is the maximum value of —q inside the above circle. 
Evaluation of the integrals then yields Q(R) > 42/5R*, which leads to 


a contradiction on making R > 0. 
We thus have the following result: 


Whether Green’s function is unique or not, the spectrum corresponding 
to (1.1) and the whole plane is not bounded above. 
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3. In this section I shall suppose Green’s function to be unique. Let 
l be the greatest number such that only a finite number of points of the 
spectrum lie below 1—e for every positive «, each such point having 
finite degeneracy. If the spectrum is not bounded below, then we take 
1 = —oo. If q(x, y) is not less than a constant k for all sufficiently large 
values of x?-+-y?, then it has been shown by Titchmarsh (2) that there 
are only a finite number of points of the spectrum in the interval » < k, 
each point having finite degeneracy. Thus, 
l > liminf q(z, y). (3.1) 
x? + y?>c00 
Conversely, suppose that there are only a finite number of points of 
the spectrum of finite degeneracy in the interval » < k. Let these 
points be given by —00 < A, <A, <<... <Ay < k. For simplicity, we 
suppose that k = 0. This situation can always be obtained by making 
a simple translation. In A, < p <A,,,, J(f,u) is constant; whilst at 
A, it has the saltus c? (or a finite sum of such terms in the case of de- 
generacy), where ar Cos 
c= | [f¥,dedy 


is the ‘Fourier coefficient’ of f with respect to the eigenfunction 


$, = ,(x, y) 
corresponding to the eigenvalue A,. The formula (1.4) now gives 


N N 
r=1 r=1 
where A is a constant. 
Consider the function given by 
f = (6—r)(r—a)}® forO0<a<crc<b, 
f=090 forr<aandr>8b, 

where r? = x?+y?. This function satisfies the conditions for which 
(1.4) holds. We have 


f LO Baw jr 


b 


182 | (b—r)*(r—a)*(b+-a—2r)*r dr 


= (b—a)"{e, a+c,(b—a)}, 
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where c, and c, are constants independent of a and b. Also, if 


M(a,b) = max q, 


acr<b 


then a Jak b 
{ | gf®dxdy < M(a,b)2n [sr dr 


—-o —@ 


27M (a,b) | (b—r)®(r—a)®r dr 


I 


a 
S&te> 


= M(a, b)(b—a)*{c,a+c,(b—a)}, 
where c, and c, are non-zero constants. Finally, by Schwarz’s inequality, 
< f* dxdy)( y2 dedy) 
Ms, BF 
= (b—a)*{ega-+-c,(b—a)} JJ #daiy. 
It thus follows from (3.2) that 
(b—a){c, a+-c,(b—a)}+ M (a, b)(b—a){c, a+-c,(b—a)} 
N 
> —A(b—a){c,a+¢,(b—a) 2 If Wi? dxdy, 
r=* a<r<b 


ie. M(a,b)> 0+ esf—2) a> | | ee aed. 


~ (b—a)*{c,a+c,(b—a) 





r=1 acr<b 


As a and b both tend to infinity, the second term on the right-hand side 
tends to zero since ¥, is L*. The first term will tend to zero provided 
that b tends to infinity much faster than a. It thus follows that 


limsupg > 0 
and, generally, limsupg > k. Making k > 1, we then obtain 


I< limsupgq(z, y). (3.3) 


x2 + y2+a0 
Combining (3.1) with (3.3) we have the following result: 


If q tends to a limit as x?+-y? > 0, then this limit is also the lower 
limiting point of the spectrum. 


4. In this section I shall suppose Green’s function to be not unique. 
It will be shown that the spectrum cannot be bounded below both for 
finite and infinite regions. 
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Integrating by parts and writing x = rcos#@, y = rsin@, we have 





af\2 
Df) = {{ (2) +(2) +qf? | dey 
og 
ay fs _Rd0 + J [ 9° aoa 
ny r<k 
where f* = (q—é?/éx*—6é?/éy?)f. If, for all large values of R, 


[rd ~ R dé >a constant k, 


then integration over R< <R< R, gives 


2r R, 
~ > 2klog— 
| (f(R)P?—f(R SR” 
0 
and a further integration gives 
S2 22 Se 
| [ R,f( Rs)? ded, > 2k | Rylog =2R, 
my 1 
Si 0 Si 


—> 0, 
as S,-—> oo. It follows that, if f and f* are both L? over the whole plane, 
then © @ 
DAf)> | | ff* dxdy, 
as R— o through some sequence of values. Thus, by § 5 of (1), 


f pad fn) < f { ff* dxdy, (4.1) 
Ao —-om —@ 
whenever the spectrum is bounded below at Ap. 

It is known that in the case when Green’s function is not unique, 
(1.1) has a non-null solution which is LZ? over the whole plane for any 
complex value of A. It is also possible to continue this solution analyti- 
cally so as to obtain a non-null solution which is L* over the whole plane 
for any real value of A not lying in the spectrum.} Take the function f 
in (4.1) to be such a solution for A < Ay. Then 


fudiifu) <r [ ftdxdy =r dI(f,n), 
Xo —© —@ Xo 


+ This will be considered elsewhere. See Theorem 2 of ‘Some further work 
on L?-solutions of the wave equation’ (pp. 280-6 above). 
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by the Parseval formula (1.2). Since J(f, ) is a non-decreasing function, 
we thus obtain 


8) @ 
0 < (Ap—A) | dI(f,u) < | (uA) dI(f,n) < 0. 

do Ao 
This is possible only if J(f,) is a constant, and (1.2) then shows that 
f is a null solution. It follows that the spectrum cannot be bounded 
below. 

When Green’s function is not unique, the only limit to which q can 

tend is —oo. Thus the result stated at the end of the last section also 
holds in the case considered here. 
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SOME COMBINATORIAL RESULTS FOR 
MATRIX POWERS 


By P. WHITTLE (Applied Mathematics Laboratory, D.SJ.R., 
New Zealand) 


[Received 22 September 1956] 


1. I sHALL use the method of generating functions to deduce some 
results concerning matrix powers which have particular application in 
the theory of Markov (probability) chains. 

The basic result is contained in Theorem 1, which states that, if a 
matrix A is dominantly diagonal, then |A|-! is equal to the absolute 
term in the multiple Laurent expansion of a certain simple function. 
From this is in turn derived a combinatorial formula, displayed in 
Theorem 2, for the composition of the elements of a matrix power BY 
in terms of the elements of B. Theorem 3 provides asymptotic evalua- 
tions of certain product sums associated with the elements of BY. 


2. Consider the function 


F (21, Zg)---) 2) = 11 (3 Qj, 24/2)) (1) 


j=1 \K=1 
of the complex variables z,, z2,..., 2,. In the complex z-space there will 
be regions D specified by 
a; < |z;|< B; (a, Breal; j = 1, 2,..., p) (2) 
such that F is analytic in all its arguments in D, and may be expanded 
there in an absolutely convergent multiple Laurent series whose co- 
efficients can be represented by contour integrals of a form analogous 
to those valid for the classical one-variable case [(2), 90-91)]. 


THEOREM 1. If the elements a;, of the pXxp matrix A are real and 
satisfy the relations 
ay >> \ay.| (J = 1, 2,..., p), (3) 
k#Fj 
then the absolute term in the Laurent expansion of F(2,2q,...,2%p)) OM: 
[zy] = |2g| = ... = |Zp| equals |A|-. 

Proof. By an expansion on |z,| = |z,| = ... = |z,| I mean an expan- 
vated K(1—8) < |z;| < K(1+8), (4) 
where K is arbitrary (since F is homogeneous of order zero in the z’s) and 
5 is small enough to ensure that the region contains no singularities of F. 


Quart. J. Math. Oxford (2), 7 (1956), 316-20. 
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For convenience I shall denote a determinant by its diagonal elements: 


thus 
Ay, Ag - - + Ayn | = (Ay Ag9---Byp)- (5) 


Aq, Age 


ani Ane 


We have now, if j and k are distinct, 


| | 
(45; Az) > Aj; A — 15K | . |p; | 
?> \a..| | 
— Pee Ayp, |B jx. | A ;4,| e |p; | 


> = (4j.4,|4j)|+ \Ajx| - ||) 


14 j,k 


Z> al! Aj, Axx)| (6) 


The absolute term in the Laurent expansion of F is 


fom = aap 41 (5 Hu) ") 


where the contour for the integration in z; may be taken as being |z;| = 1. 
Now, in virtue of condition (3), the only z,-singularity of the integrand 
inside |z,| = 1 is a simple pole at 


Ga3.2 
eons -> — =. (8) 
rs 


Performing the z,-integration in (7) we thus obtain 


oe g $ , (9) 
it (2art)?- (2mi)pt [| ae jx) 


By use of (6), the same argument can be repeated for z,, and so on until 
we finally obtain a product of factors for Cy + which is identical with the 
product obtained in evaluating |A| by pivotal condensation [(1), 45]: 
that is C, = |A|-, (10) 
as claimed. 

A derivation which seems more elegant at first sight is to make the 


transformation y; = p3 Osy Lys (11) 


c-fos 


To justify this argument, however, one must be able to prove that 


so that (7) becomes 
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the transformation from the x’s to the y’s, and the simultaneous deforma- 
tion of the integration contours to suitable paths such as |y;| = 1, can 
be carried out in a continuous fashion during which the transformation 
is at no time singular, and no singularity of the integrand crosses the 
integration surface. This justification is direct, but lengthy. 


3. Consider an arbitrary square matrix B. The jkth element of a 
positive integral power B* of this matrix can be written 


by = FD... Y Cie(mys) IT bpre, (13) 


N11 Mig = pp 
where C;;,.(n,.) is used to denote a numerical coefficient which is a function 
of j, k, my,, Nyg,-+-) Mppy- I shall use the result of Theorem 1 to find an 
explicit expression for the combinatorial coefficient C;,(n,,).. This co- 
efficient can be interpreted as the number of distinct ways in which n,, 
quantities b,,, m,. quantities b,,,... can be set in order so that the first 
subscript of any } is the same as the second subscript of the b preceding 
it, while the first and last subscripts of the whole sequence are j and k 
respectively. The formula derived for C also has an application in the 
theory of Markov chains which is described in (3). 

I shall use the notation 


n,. = > Nygs 
s 
Rg = > Ng: 
r 
THEOREM 2. Jf for a particular set of n,, we define a matrix 


(Tx )] = adj] 3. — (15) 


J° 


then ee See (16) 
Nye! 


provided that Ree = (17) 
(18) 
(19) 
where j, k, r = 1, 2,..., p. If conditions (17) and (18) are unfulfilled, then 
the coefficient is zero. If (17) and (18) are fulfilled, but not (19), then (16) is 


still valid provided that it is calculated on the basis of that restricted set of 
indices r corresponding to non-zero n,. 
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Proof. The result is a trivial generalization of one proved earlier in (3), 
so that I shall merely sketch the proof here. 
The coefficient C;,(n,,) equals the coefficient of TT (6b,,)" in the jkth 
element of the matrix Si 
< adj(I—@B) 
6By = [95 -1 — SS, 
§ ay = ons = hs 
Now, we know by Theorem 1 that, provided that 6 is small enough, 
the coefficient of T] (0,,)” in |I—@B|-" is equal to the same coefficient 
rs 


(20) 


in the absolute term of 
-1 
1—0 ¥ by, z,/z;) , 
11 (1-03 bu) 
TI ™,.! 
4 
I Mrs! 
if m,. = m., (r = 1, 2,..., p), and is zero otherwise. Knowing this, it is 
a direct matter to obtain the result of the theorem by piecing together 
the corresponding coefficient in the expansion of A;,|1—@B|-1, where 
(A;,) = adj(J—@B). (22) 


4. The coefficient of 6% [J 2? in 
r 


; Ai, Il (1 —@ = bs z,[2,) is 


is the jkth term of BY, and so for large N is asymptotic to a; 8,, where 
A is the eigenvalue of B with greatest modulus (if such a single value 
exists) and (a;), (8;) are the corresponding right-hand and left-hand 
eigenvectors. I shall quote a somewhat more general result, which is 
an immediate generalization of a result previously proved in (3). 
THEOREM 3. Assume that the px p matrix B has an eigenvalue X whose 
modulus is greater than those of the remaining eigenvalues or of any of the 
eigenvalues of the principal minors of B. Then the coefficient of 6% [J 2 
r 


and this is (21) 


in the expansion of 


Ax IT (1 —0> b,, Zs[%) 


on |z,| = |z.| = ... = |z,| when 0 is small, ts 


p| 


Aa; By [] 07+ O(N PK+P-F-2,) 


if > v, = 0, and is otherwise zero, where p is a number whose modulus is 


smaller than that ofAand—y, _ 4D ||. (25) 
r 
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